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The meaning of “instability”

✤ Instability from linear theory
✤ When a system converges to an equilibrium 

point under any disturbance, it is STABLE.
✤ When a system cannot converge to the 

equilibrium point, it is unstable.
✤ When it is unstable, it moves away from the 

equilibrium and goes to infinity.

✤ Practical instability
✤ When a system is unstable, it fails to converge to 

the presumed equilibrium point, but it actually 
must have moved to a new steady-state 
equilibrium which is usually not wanted.  There 
is no infinity!

stable

unstable
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Getting unstable = assuming a 
new equilibrium

stable It becomes “unstable” 
with respect to the 
presumed equilibrium 
but actually still in 
another “stable” state!t t 
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The right questions

✤ Unstable? With respect to which operating state?
✤ Under what conditions the system become unstable?
✤ When it loses stability, where would it go then (what is the 

“new” state)?
✤ Conditions of the “new” state: would it make the 

operation undesirable? e.g., changes in voltage stress and 
current stress.

✤ Study of Bifurcation
✤ Bifurcation = Change in state (behavior) when some 

parameters are changed.
✤ For example, in a current-mode controlled converter, 

when the duty cycle goes beyond 0.5, the periodic 
operation loses stability, and it goes to a subharmonic 
oscillation. This bifurcation is called period-doubling.  
Note again that the system is still “stable” strictly!

+

–
Vin

R

S

Q
–

+

clock

C R v o

+

–

DL

iL

Iref

I ref 

i 
L 

I ref 

i 
L 

D < 0.5 

D > 0.5 

5



CK Michael Tse, January 2011

Practical bifurcation analysis

Invited Paper, Int. J. Bifurcation and Chaos

6



CK Michael Tse, January 2011

Case study 1: on analysis

✤ Current-mode controlled boost converter

inner current loop (fast)
outer voltage loop (slow)

current waveform
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Parameters affecting stability

✤ Main parameters
✤ Affecting fast-scale bifurcation (inner loop instability problem)

✤ Rising slope of inductor current m1 = E/L
✤ Compensation slope mc

✤ Affecting slow-scale bifurcation (outer loop instability problem)
✤ Voltage feedback gain g
✤ Feedback time constant τf
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Previous results

✤ Previous studies
✤ The two kinds of bifurcation were studied and reported separately.
✤ Fast-scale bifurcation focuses on the period-doubling phenomenon, assuming that 

the outer loop is very slow and essentially provides a constant reference current for 
the inner loop.

✤ Slow-scale bifurcation focuses on the Hopf bifurcation as the feedback gain and 
bandwidth are altered, assuming that the inner is stable.

✤ Both are practical phenomena. 
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What can happen in a boost 
converter?
✤ Get a quick glimpse

✤ Cycle-by-cycle simulation of the system with the exact piecewise switched model. 
Circuit components are as follows:
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Simulations
Quick glimpse at changing g and τf
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Simulations
Quick glimpse at changing m1 and τf
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Simulations
Quick glimpse at changing mc
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Complexity: interacting loops

inner current loop (fast)

outer voltage loop (slow)

✤ Guiding questions:
✤ Under what parameter ranges the 

system will bifurcation into 
✤ fast-scale unstable region?
✤ slow-scale unstable region?
✤ interacting fast-scale slow-scale 

unstable region?

✤ This requires bifurcation 
analysis.

✤ Results have to be useful for 
design.
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Sample results (detailed omitted)

Design-oriented bifurcation charts
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Sample results (detailed omitted)

Operating boundaries under 

varying feedback gain and 
time constant 

Design-oriented bifurcation charts
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Sample results (detailed omitted)

Operating boundaries under 

varying mc and !a 

Design-oriented bifurcation charts
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Analysis and verifications

✤ Analysis can be performed to provide closed-form expressions of the bifurcation 
conditions. 
✤ Analysis via examining Jacobian and movement of eigenvalues with variations of 

selected important parameters.
✤ Normally, experimental measurements are expected for verifying the qualitative 

results.
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Deriving design guidelines

✤ Under certain parameter ranges, current-mode controlled boost converters can be fast-
scale and slow-scale unstable simultaneously.

✤ The main parameters affecting fast-scale bifurcations are the rising slope of the 
inductance current, and the slope of compensation ramp, 

✤ The main parameters affecting slow-scale bifurcations are the voltage feedback gain g 
and time constant.

✤ Slow-scale bifurcation can be eliminated by decreasing the feedback gain and/or 
bandwidth

✤ Fast-scale bifurcation can be reduced by increasing the slope of the compensation ramp 
or decreasing the rising slope of the inductor current.
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Details
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Case study 2: on control

✤ Interconnected converters
✤ Parallel  -  lower current stress

✤ Input parallel connected
✤ Output parallel connected

✤ Series -  lower voltage stress
✤ Input series connected
✤ Output series connected

✤ Question:  How to control individual converters?

Parallel-parallel Series-parallel 

Parallel-series Series-series 
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A general note on control 

✤ Voltage mode control 
(voltage programming)
✤ basically makes the 

converter a voltage source

✤ Current mode control 
(current programming)
✤ fundamentally controls 

current
✤ basically makes the 

converter a current source

vovin converter

io
vin converter

+
!

vo

vo

io

22



CK Michael Tse, January 2011

Perfectly regulated voltage converter 
is like an independent voltage source.
Connecting voltage sources in parallel 
violates KVL, and should not be 
allowed. 
Even if the voltages have the same 
voltage magnitude, currents are 
theoretically not solvable.

Parallel-connected converters

✤ Parallel connected converters for 
high current output applications

✤ Control challenge is:  sharing of 
output currents

✤ PROBLEM:  If each converter attempts 
to produce a regulated output voltage, 
we are trying put voltage sources in 
parallel !  This is a fundamental 
conflict!

+
!

+
!

+
!

+
!

????
load

✘vovin converter
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What should be prohibited

✤ Putting “more than one converters 
having regulated output voltages” 
in parallel is theoretically faulty 
and should be prohibited!

VM

converter
vo

vin

VM

converter
vo

vin

VM

converter
vo

vin

tightly regulated output voltage

load

✘
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Still tolerable in practice

✤ Conventional connection (used widely in 
practice called droop connection 
method):  
✤ Each converter is output regulated.
✤ Parallel connection of two or more 

converters to deliver large currents.
✤ Current sharing control is applied 

mandatorily.

+
!

+
!

+
!

+
!

load

converters

Current sharing is controlled and maintained 
in individual converters through the simple 
voltage feedback which automatically 
detects the voltage drops across the 
resistances and regulates the output voltage 
slightly. This is the simple DROOP 
METHOD, involving just connecting the 
“poorly” voltage-regulated converters.

feedback conrol
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Limitations of connecting voltage 
regulators using droop method
✤ First, it is theoretically bad (strictly “prohibited”) to connect voltage sources in parallel.
✤ We must deliberately make the output regulation in each converter poor, so that it has 

substantial output resistance.
✤ Current sharing is possible through adjusting the output voltage levels of individual 

converters. The range is very limited because it is supposed to be voltage regulator 
(fixed voltage more or less).

✤ Obviously, the output voltage regulation cannot be very good for the load.

✤ But it is simple and enjoys modularity!  
✤ theoretically nonsense at start, but practically sensible if appropriately applied.
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Connection re-examined

...

V1
Vo

+

-

V2 Vn

✔ ✔

✘

✤ How should we connect the converters 
if they are controlled as voltage/
current sources?

✤ Then, it would become straightforward 
to select the appropriate control 
strategies.
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Possible configurations

Type I

Type II

Type III

✔

✔

✔28
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General classification

29

Definition: Current sharing loop is defined as one that takes output current information 
from one or more constituent converters to produce a current control signal which is 
used for controlling an individual converter.
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Type I
Control without current sharing loop, i.e., droop method
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Type I
Control with current sharing loop
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Type II
Control without current sharing loop

• For Type II connection, only one converter serves as a voltage source (more precisely a Thevenin 
source), and all others behave as current (Norton) sources.

• There is a main voltage controller to regulate the output voltage tightly. 
• All current sources only need to follow a common current control signal to achieve current sharing.

32
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Type II
Control with current sharing loop
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Type III
Control without current sharing loop

For Type III connection, all converters are current (Norton) sources.

34
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Type III
Control with current sharing loop
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Results

✤ Output voltage versus output current for Type I scheme without a current-sharing loop. 
(a) Vref1 = Vref2 = 2.5 V, rcon1 = 0.001Ω, rcon2 = 0.05Ω, RCS1 = RCS2 = 150 kΩ; (b) Vref1 = Vref2 
= 2.5 V, rcon1 = 0.001Ω, rcon2 = 0.05Ω, RCS1 = RCS2 = 50 kΩ; (c) Vref1 = 2.4 V, Vref2 = 2.5 V, 
rcon1 = rcon2 = 0.025Ω, RCS1 = RCS2 = 150 kΩ; (d) Vref1 =2.4 V, Vref2 = 2.5 V, rcon1 = rcon2 = 
0.025Ω, RCS1 = RCS2 = 50 kΩ.
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Results

✤ Output voltage versus output current for Type I scheme with a current-sharing loop. 
(a) Vref1 = Vref2 = 2.5 V, rcon1 = 0.001 Ω, rcon2 = 0.05 Ω; (b) Vref1 = 2.4 V, Vref2 = 2.5 V, 
rcon1 = rcon2 = 0.001 Ω. 
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Results

✤ Output voltage versus output current for Type II scheme at Vref = 2.5 V, rcon1 = 0.001 Ω, 
rcon2 = 0.05 Ω, (a) without a current-sharing loop; (b) with a current-sharing loop.
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Results

✤ Output voltage versus output current for Type III scheme at Vref = 2.5 V, rcon1 = 
0.001 Ω, rcon2 = 0.05 Ω, (a) without a current-sharing loop; (b) with a current-
sharing loop.
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General comparison

✤ Type I schemes are simple but suffer fundamentally from paralleling voltage 
sources. The adjustment range for current sharing is small since each constituent 
converter is designed primarily to regulate its output voltage. 

✤ Type II schemes are theoretically more viable as there is only one voltage source 
paralleling with current sources. The dynamics of the voltage regulation thus 
depends on the control method being employed by the voltage regulating loop. 
Current-sharing performance is generally much better and the control 
implementation is simpler, compared to Type I schemes.

✤ Type III schemes are generally best in terms of current sharing as all converters are 
fundamentally current controlled. The voltage regulation is only executed at the 
load side (only one voltage loop to keep tight regulation). Both voltage regulation 
and current sharing are excellent.

40
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Details of dynamic responses
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Conclusion

✤ In this lecture, we emphasize how converters lose stability
✤ the conditions under which converters lose stability
✤ how the converter would behave after it loses stability
✤ the resulting impact on the converter operation

✤ Application of control has to be considered in conjunction with the configuration of the 
converter and the application objectives.
✤ Voltage mode control versus current mode control
✤ Impact of connection configurations on choice of control methods in the case of 

interconnecting converter systems
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