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Introduction

General theme: reaching of consensus without a central direction.

Examples:

(1) emergence of a common belief in a price system when activity takes
place in a given market.

(2) emergence of common languages in primitive societies, or the dawn
of vowel systems.

(3) flocking in a population, say of birds or fish, whose members are
moving in IE := IR3.

It has been observed that under some initial conditions, for example on
their positions and velocities, the state of the flock converges to one in
which all birds fly with the same velocity. Our goal is to give a possible
model of this behavior.



Model: every bird adjusts its velocity by adding to it a weighted average
of the differences of its velocity with those of the other birds. That is,
at time t ∈ IN, and for bird i,

vi(t + 1) − vi(t) =
k∑

j=1

aij(vj(t) − vi(t)). (1)
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Here the weights {aij} quantify the way the birds influence each other.



We assume that this influence is a function of the distance between
birds, namely

aij =
K

(σ2 + ‖xi − xj‖2)β
. (2)

for some fixed K,σ > 0 and β ≥ 0.

We can write the set of equalities (1) in a more concise form. Let

Ax = (aij)

be the adjacency matrix, Dx be the k × k diagonal matrix whose ith
diagonal entry is di =

∑
j≤k aij and Lx = Dx − Ax.



Then

vi(t + 1) − vi(t) = −
n∑

j=1

aij(vi(t) − vj(t))

= −
(

n∑

j=1

aij

)
vi(t) +

n∑

j=1

aijvj(t)

= −[Dxv(t)]i + [Axv(t)]i

= −[Lxv(t)]i

and (adding a natural equation for the change of positions) we obtain
the system

x(t + 1) = x(t) + v(t) (3)

v(t + 1) = (Id − Lx) v(t).



We also consider evolution for continuous time. The corresponding
model is given by the system of differential equations

x′ = v (4)

v′ = −Lxv.

Our two main results give conditions to ensure that the birds’ veloci-
ties converge to a common one and the distance between birds remain
bounded, for both continuous and discrete time.



Convergence in continuous time

For x, v ∈ IEk we denote

Γ(x) =
1

2

∑

i 6=j

‖xi − xj‖2

and

Λ(v) =
1

2

∑

i 6=j

‖vi − vj‖2.

In the following we fix a solution (x, v) of (4). To simplify notation we
write

Λ(t) := Λ(v(t)), Γ(t) := Γ(v(t)).



Theorem 1 Assume that

aij =
K

(σ2 + ‖xi − xj‖2)β
.

Assume also that one of the three following hypothesis hold:

(i) β < 1/2,

(ii) β = 1/2 and Λ0 < K2

18k2 ,

(iii) β > 1/2 and

[(
1

2β

) 1
2β−1

−
(

1

2β

) 2β

2β−1

](
K2

18k2Λ0

) 1
2β−1

> 2Γ0 + σ2.

Then there exists a constant B0 such that Γ(t) ≤ B0 for all t ∈ IR+.
In addition, when t → ∞, Λ(t) → 0 and the vectors xi − xj tend to
a limit vector x̂ij, for all i, j ≤ k.



Convergence in discrete time

A motivation to consider discrete time is that we want to derive (possibly
a small variation of) our model from a mechanism based on exchanges
of signals. The techniques to do so, learning theory, are better adapted
to discrete time.



Theorem 2 Assume that K < σ2β

(k−1)
√

k
and

aij =
K

(σ2 + ‖xi − xj‖2)β
.

Assume also that one of the three following hypothesis hold:

(i) β < 1/2,

(ii) β = 1/2 and ‖v(0)‖ ≤ K
3
√

2k2 ,

(iii) β > 1/2 and

„
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« 2
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−
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α

«
α+1

α−1

#

> 2k
2

“

V
2
0 + 2V0((αa)−

2
α−1 − σ

2)(
√

2k)−1
”

+ b.

Here α = 2β, V0 := ‖v(0)‖, a = 3
√

2k2

K
V0, b =

√
2k‖x(0)‖ + σ.

Then there exists a constant B0 such that ‖Γ(t)‖ ≤ B0 for all t ∈ IN.
In addition, vi(t)− vj(t) → 0 and the vectors xi − xj tend to a limit
vector x̂ij, for all i, j ≤ k, when t → ∞.
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The proof for the continuous case.

The matrix Lx in (3) and (4) is the Laplacian of Ax. It acts on IEk and
satisfies the following:

(a) For all v ∈ IE, Lx(v, . . . , v) = 0.

(b) It is symmetric positive semidefinite,

(c) If λ1, . . . , λk are the eigenvalues of Lx then

0 = λ1 ≤ λ2 ≤ . . . ≤ λk = ‖Lx‖.

The second eigenvalue λ2 of Lx is called the Fiedler number of Ax. We
denote it by φx.



Let ∆ be the diagonal of IEk, i.e.,

∆ = {(v, v, . . . , v) | v ∈ IE}

and ∆⊥ be the orthogonal complement of ∆ in IEk. Every x ∈ IEk

decomposes in a unique way as x = x∆+x⊥ with x∆ ∈ ∆ and x⊥ ∈ ∆⊥.

∆⊥
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Proposition 1 The projections over ∆⊥ of the solutions of (4) are
the solutions of the restriction of (4) to ∆⊥. That is,

x′
⊥ = v⊥ (5)

v′
⊥ = −Lx⊥

v⊥.

Remark 1 The condition “the velocities vi(t) tend to a common
limit v̂ ∈ IE” is equivalent to the condition “v⊥(t) → 0.” Also,
the condition “the vectors xi − xj tend to a limit vector x̂ij, for all
i, j ≤ k” is equivalent to “x⊥(t) tend to a limit vector x̂ in ∆⊥.”
This suggests that we are actually interested on the solutions —on
the space ∆⊥ × ∆⊥— of the system (5) induced by (4). Since (4)
and (5) have the same form we will keep referring to (4) but we will
consider positions in

X := IEk/∆ ' ∆⊥

and velocities in
V := IEk/∆ ' ∆⊥.



Consider Q : IEk × IEk → IR defined by

Q(u, v) =
1

2

k∑

i,j=1

〈ui − uj, vi − vj〉.

Then Q is bilinear, symmetric, and, when restricted to ∆⊥×∆⊥, positive
definite. It therefore defines an inner product 〈 , 〉Q on IEk/∆ ' ∆⊥.
Now note that that Γ(x) = Γ(x⊥) and Λ(v) = Λ(v⊥) and that Λ(v) =
‖v‖2

Q and Γ(x) = ‖x‖2
Q.



Proposition 2 For all x ∈ X, φx ≥ min
i 6=j

aij. In particular, if

aij = K
(σ2+‖xi−xj‖2)β then

φx ≥ K

(σ2 + Γx)β
.



Denote Φt = min
τ∈[0,t]

φτ .

Proposition 3 For all t ≥ 0, Λ(t) ≤ Λ0e
−2tΦt.

Proof. Let τ ∈ [0, t]. Then

Λ′(τ) =
d

dτ
〈v(τ), v(τ)〉Q = 2〈v′(τ), v(τ)〉Q

= −2〈Lτv(τ), v(τ)〉Q ≤ −2φx(τ)Λ(τ).

Here we have used that Lτ is symmetric positive definite on V . Using
this inequality,

ln(Λ(τ))

∣∣∣∣
t

0

=

∫ t

0

Λ′(τ)

Λ(τ)
dτ ≤

∫ t

0

−2φτdτ ≤ −2tΦt

i.e.,
ln(Λ(t)) − ln(Λ0) ≤ −2tΦt.



Proposition 4 For T > 0, Γ(T ) ≤ 2

(
Γ0 +

Λ0

Φ2
T

)
.

Proof. We have |Γ′(t)| = |2〈v(t), x(t)〉Q| ≤ 2‖v(t)‖Q‖x(t)‖Q. But
‖x(t)‖Q = Γ(t)1/2 and ‖v(t)‖2

Q = Λ(t) ≤ Λ0e
−2tΦt, by Proposition 2.

Therefore,

Γ′(t) ≤ |Γ′(t)| ≤ 2
(
Λ0e

−2tΦt
)1/2

Γ(t)1/2

and, using that t 7→ Φt is non-increasing,

∫ T

0

Γ′(t)

Γ(t)1/2
dt ≤ 2

∫ T

0

(
Λ0e

−2tΦt
)1/2

dt

≤ 2

∫ T

0

Λ
1/2
0 e−tΦT dt

= 2Λ
1/2
0

(
− 1

ΦT

)
e−tΦ(T )

∣∣∣∣
T

0

≤ 2Λ
1/2
0

ΦT



which implies

Γ(t)1/2

∣∣∣∣
T

0

=
1

2

∫ T

0

Γ′(t)

Γ(t)1/2
dt ≤ Λ

1/2
0

ΦT

from where

Γ(T ) ≤
(

Γ
1/2
0 +

Λ
1/2
0

ΦT

)2

.

The result now follows from the inequality (α + β)2 ≤ 2(α2 + β2). �



Lemma 1 Let c1, c2 > 0 and s > q > 0. Then the equation

F (z) = zs − c1z
q − c2 = 0

has a unique positive zero z∗. In addition

z∗ ≤ max
{

(2c1)
1

s−q , (2c2)
1
s

}

and F (z) ≤ 0 for 0 ≤ z ≤ z∗. �

Proof of Theorem 1. By Proposition 4, for all x ∈ X,

φx ≥ K

(σ2 + Γx)β
.

Let t∗ ∈ [0, t] be the point maximizing Γ in [0, t]. Then

Φt = min
τ∈[0,t]

φτ ≥ min
τ∈[0,t]

K

(σ2 + Γ(τ))β
≥ K

(σ2 + Γ(t∗))β
.



By Proposition 3

Γ(t) ≤ 2Γ0 + 2Λ0
(σ2 + Γ(t∗))2β

K2
. (6)

Since t∗ maximizes Γ in [0, t] it also does so in [0, t∗]. Thus, for t = t∗,
(6) takes the form

(σ2 + Γ(t∗)) − 2Λ0
(σ2 + Γ(t∗))2β

K2
− (2Γ0 + σ2) ≤ 0. (7)

Let z = Γ(t∗) + σ2,

a =
2Λ0

K2
, and b = 2Γ0 + σ2.

Then (7) can be rewritten as F (z) ≤ 0 with

F (z) = z − az2β − b.



(i) Assume β < 1/2. By Lemma 3, F (z) ≤ 0 implies that z =
(σ2 + Γ(t∗)) ≤ U0 with

U0 = max

{(
4Λ0

K2

) 1
1−2β

, 2(2Γ0 + σ2)

}
.

That is Γ(t∗) ≤ B0 := U0−σ2. Since B0 is independent of t, we deduce
that, for all t ∈ IR+, Γ(t) ≤ B0. But this implies that φt ≥ K

(σ2+B0)β for

all t ∈ IR+ and therefore, the same bound holds for Φt. By Proposition 2

Λ(t) ≤ Λ0e
−2 K

(σ2+B0)β
t

(8)

which shows that Λ(t) → 0 when t → ∞.



(ii) Assume now β = 1/2. Then (7) takes the form

(σ2 + Γ(t∗))

(
1 − 2Λ0

K2

)
− (2Γ0 + σ2) ≤ 0.

Since Λ0 < K2

2
this implies that

Γ(t∗) ≤ B0 :=
2Γ0 + σ2

1 − 2Λ0

K2

− σ2 > 0.

We now proceed as in case (i).



(iii) Assume finally β > 1/2 and let α = 2β so that F (z) = z −
azα − b. The derivative F ′(z) = 1 − αazα−1 has a unique zero at

z∗ =
(

1
αa

) 1
α−1 and

F (z∗) =

(
1

αa

) 1
α−1

− a

(
1

αa

) α
α−1

− b

=

(
1

α

) 1
α−1
(

1

a

) 1
α−1

−
(

1

α

) α
α−1
(

1

a

) 1
α−1

− b

=

(
1

a

) 1
α−1

[(
1

α

) 1
α−1

−
(

1

α

) α
α−1

]
− b

≥ 0

the last by our hypothesis. Since F (0) = −b < 0 and F (z) → −∞
when z → ∞ we deduce that the shape of F is as follows:
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Recall, (7) shows that, for all t ≥ 0, F (Γ(t∗) + σ2) ≤ 0. And the
mapping t 7→ F (Γ(t∗) + σ2) is continuous. Thus the image of
t 7→ Γ(t∗) + σ2 is either included in [0, z`] or in [zu,∞).



In addition, when t = 0 we have t∗ = 0 and

Γ0 + σ2 ≤ 2Γ0 + σ2 = b

<

(
1

a

) 1
α−1

[(
1

α

) 1
α−1

−
(

1

α

) α
α−1

]

<

(
1

a

) 1
α−1
(

1

α

) 1
α−1

= z∗.

This implies that Γ0 + σ2 < z` and then, for all t ≥ 0,

Γ(t∗) + σ2 ≤ z` ≤ z∗.

We conclude that

Γ(t∗) ≤ B0 :=

(
1

αa

) 1
α−1

− σ2 =

(
K2

2αΛ0

) 1
α−1

− σ2.

We now proceed as in case (i). �


