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1. Introduction

A general discrete system

Lnt+1 = f(xTL); n Z 07
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wheref : D C X — X isamap andX, d) is a metric space.
= (50), 22 = f(20), - -
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What is chaos?

Ful creen ¢ No general definition of chaos
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Li and Yorke [1975], Devaney [1987], Wiggins [1990]
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1. Li-Yorke chaos

The system has amcountable scrambled set

Scrambled set
Let S C D, containing at least two distinct points. Thes,is
called a scrambled set W x(,yy € S, x¢ # yo,

(i) iminf, . d(z,, y,) = 0;

(i) imsup,,_,, d(xy, yn) > 0.
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2. Devaney chaoEL987].
f: VcD — V satisfies

(i) dense periodic points iif;
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(1) topologically transitive i/,

(i) sensitive dependence on initial conditiond/in
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3. Wiggins chao$1990]: (ii) + (iii)
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Relationshipsthey are not equivalent in general.

1. Devaney chaos= Wiggins chaos.

2. LetV be a compact set of, containing infinitely many points,
and letf : V — V be continuous and surjective.

(i) Devaney chaos=- Li-Yorke chaos.

(i) Wiggins chaos + one periodic point ih—- Li-Yorke chaos.

3. The converses are not true in general.
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How to determine whether a given system is chaotic?

1. One-dimensional systems: peribd# 2", positive entropy,
turbulence

2. Higher-dimensional systems: snap-back repeller

3. Infinite-dimensional systems?
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2. Concept of coupled-expanding map

Block LS and Coppel WA1992] Lecture Notes in Mathematics,
Vol.1513.

AC"mapf : I — Iis said to beturbulentif 3 closed and
bounded subinterval$ and K, with at most one common point,
S.1.

AR f(K) D JUK.

Further, it is said to betrictly turbulentif J N K = ¢.

* Jand K are compact and connected.
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¢ A turbulent mapf is chaotic in the sense of Li-Yorke.

Example 1.The logistic map:f(x) = px(1 — x), u > 4.
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Example 2.The tent map

2z, it << 172
Pl —
2(xr —1/2), if1/2 <=z <1.
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Extended to maps in metric spaces, 2005.
“Turbulent map”—> “Coupled-expanding map”

DEFINITION f: D C X — X.

Assume thall m (> 2) subsetd/; € D, 1 <i < m, S.t.

VinV;=0pVindpVj, 1<i#j<m

fvosJvi 1<i<m,
j=1
Thenf is said to becoupled-expandinmn V;, 1 <1 < m.
Strictly coupled-expandingl(V;, V;) > 0forall 1 < i # j < m.

coupled-expanding— CE
strictly coupled-expanding— SCE
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DEFINITION [Shi, Ju and Chen, 20D6
Let f: D C X — X andA = ((A);;) be anm x m transitive
matrix (m > 2). Assume tha#l m subsetd/; C D s.t.

VinV;=dpViNopV;, 1<i#j<m,

fVoo |J v, 1<i<m
(A)=1
Thenf Is said to beCE for matrixA inV;, 1 < < m.
SCE for matrixA: d(V;, V;) > 0forall1 < # 5 < m.

* A transitive matrixA = ((A)i;)mxm (m > 2)
(A);; =0or1foralls, j;
> i (A)y > 1foralld; 377 (A);; > 1forall 5.
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3. SCE maps and subshifts of finite type

3.1. One-sided symbolic dynamical systems

S ={1,2,....,m},m>2,

_|_
Z = {Oé:<CL0,CL1,CL2,...)I a; € 5, ZZO}

Home Page

> d a;, bl
Title Page p(a) 5) = Z < 2@ >’
1=0
d(ai, bz> =0 1f a; = bi,

d(ai, bz) = 11if a; 7é bi,
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O (X! p) is a complete metric space and a Cantor(sempact,
perfect, and totally disconnected).
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The shift map
J:Z:Jr—>2jL o(ag, ai, ag, ...} = (@1, a9, ag; o
. m7 ? Y Y Y . 9
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T P | (>_,,0) is called the one-sided symbolic dynamical systemon
> symbols.
RENS
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3.2 Subshift of finite type

Let A be anm x m transitive matrix.

Z:»L(A) =1a=(aga1,...) € Z;  (Aaa, = 1,12 0}

Home Page IS a compact invariant set under
The subshift of finite type
+ +
age 14 of 35 O-A = JlZ:’;(A) : Zm(A) - Zm<A>
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THEOREM{[Shi, Ju and Chen, 2006
Assume thatA is irreducible Then the following statements are
equivalent:

(i) 0.4 is chaotic in the sense of Devaney on the infinite}set(A);
(i) o4 Is chaotic in the sense of Li-Yorke;
(i) ' (A) is infinite;
(iv) 327 (A)is a Cantor set;

(V) D521 (A)iy; > 2 for somei;
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3.3. Relationships

THEOREM [Shi, Ju and Chen, 2006 : D Cc X — X is C".
f 1s topologically conjugate te 4
if and only if
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Tite Page 3m disjointcompacisubsetd; C D, 1 <1 < m, S.t.
() fisSCEforAinV,, 1 <i<m;
(i) Vo = (ag, a1,...) € 3. (A),
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THEOREM [Shi, Ju and Chen, 2006 : D Cc X — X.
Assume thatd m(> 2) nonemptybounded and closesubsets
Vi c Dwith d(V;,V;) > 0s.t. fisC'in |, V; and satisfies

() fisSCE forsomedinV;, 1 <i<m,;
(i) Vo = (ag, a1,...) € Y. (A),

d(ﬂ (Vi) — 0asn — oo.
i=0

Then f in some invariant set” C |J", V; is topologically conju-
gate too 4.
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4. Chaos induced by coupled-expanding maps
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4.2. SCE maps in bounded and closed sets
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4.1. SCE maps in compact sets

THEOREM [Shi and Chen, 2004

Let V;, 1 < 7 < m, bedisjoint compactsets of X, and f :
UTzl Vi — X beCV. If

(1) fiIsSCEINV,, 1 <37 <m;
(i) 3\ > 1s.t.

d(f(z), f(y)) = Ad(z,y), Vo,y € V), 1 <j <m;

thend a Cantor set\ C U;f'il Vist. f: A — Alis topologically
conjugate tar : >0 — S "

— Chaotic on\ in the sense adDevaneyas well ad_i-Yorke.
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THEOREM [Shi and Yu, 200b
If f satisfies (i) and

(i") 3 ajy, andA > 1s.t.
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d(f(2), f(y) = Ad(z,y) Y,y € Vjy

andf isinjectivein the other set¥;, 7 # jo;
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then f is chaotic in the sense of both Wiggins and Li-Yorie a
perfect and compact invariant set.
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THEOREM [Shi, Ju and Chen, 2006
Assume thatd an m x m irreducible transitive matrixA with

ZTzl(A)Z-Oj > 2 for someiy; m disjoint compacisubsetsV; of

D,1<i<m,andfisC’in{J", V.
If f satisfies that

(i) fisSCEforAinV;, 1 <i<m;
(i) 3 > 1s.t

d(f(z), f(y)) = Ad(z,y) Y2,y eV, 1 <i<m.

Then, f in a Cantor set’ is topologically conjugate to 4.

— f Is chaotic orV/ in the sense dbevaney as well as Li-Yorke
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4.2. SCE maps in bounded and closed sets

In the following, (X, d) is acomplete metric space

THEOREM [Shi and Chen, 20Q4etV; Cc X, 1 < 7 < m,
be bounded and closesubsets ofX with d(V;,V;) > 0, and f :
UL, Vi — X beCP. If

(1) fiIsSCEINV,, 1 <37 <m;

HomePage|
[t | (i) Ipu>X>1st.
KiE3
RNy Ad(z,y) < d(f(z), f(y) Spdlz,y)Vao,yeV;, 1<j<m;
Page220f35| . !
6o ack | thend a Cantor set\ C |J",V; s.t. f : A — Ais topologically
Ful Sceen | conjugate tar : Y — "
[ o= | —> f IS chaotic on\ in the sense dbevaneyas well ad.i-Yorke.
Quit |

* Similarly, these two conditions can be weakened as we have
done before.
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5. Some applications

1. Anti-control of chaos (or chaotification)

The original system

Lntl = f(xn>7 ith = 0.

Objective:Design a control input sequenge,,} s.t.
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Title Page xn+1 A f(xn) _|_ un7 n Z O

IS chaotic.

Up = f1g(&n) O Un = g(1t Tn).

* Shi'Y and Chen G2005] Int J Bifur Chaos, 15, 547-556:()
* Lu J[2005] Chinese Physics 14, 1082-1087; 1342-1348) (

* ShiY, Yu P and Chen 2006] Int J Bifur Chaos, 16, 2615-2636.
(Banach spaces
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2. Snap-back repeller theory

Marotto FR[1978] J. Math. Anal. Appl. 63, 199-223.
f:R*"—=R"isC!, f(2) = 2.

f(xo)

A snap-back repeller implies Li-Yorke chaos.
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Recent developments

(1) The concept is extended to maps in metric spaces in 2004

Regular and singular; nondegenerate and degenerate.

* In the Marotto paper, a snap-back repeller is regular and nonde

generate.
_Home Page | (2) C! maps inR™:
ﬁ e Improvement of the Marotto theorem:
|| A snap-back repeller in the Marotto paper implies Devaney chaos
Page 200135 as well as Li-Yorke chaos.
i: e The assumptions of the Marotto theorem were weakened:
~ ciose | A regular snap-back repeller implies Li-Yorke chaos.

(3) Snap-back repellers in Banach spaces and in general comple
metric spaces.
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3. Partial difference equations [Y Shi, 2006]
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Tite Page 4. Time-varying discrete systems [Y Shi and G Chen, 2005]

5. PDEs, FDESs?
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6. Examples with simulations

Example 1.

A(z,y), if (x,y) € By(0)

(sin®(z = 3) +sinz cos(y —3), sin(y - 3)), if (z,y) & Ba(0).

The origin is aregular and nondegenerate snap-back repeller

— f IS chaotic in the sense of both Devaney and Li-Yorke.
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Qui Figure 1a: Simulation result in theéx, y) space in the rectangular
box |8, 8] x [-8, 8.
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Figure 1b: Simulation result in theézx, y) space in the rectangular
box |[—4,4] x [—4, 4].
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Figure 1c: Simulation result in théx, y) space in the rectangular
box |—1,1] x [—1,1].
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Example 2.

[ 4(z,y), if (2,y) € B(0)
=y (P gy
e Page (sm ((x =3P +x(y—3)),sin(y - 3))1 if (z,y) & By(0).

%

The origin is aregular and degenerate snap-back repeller

Go Back

— f IS chaotic in the sense of both Wiggins and Li-Yorke.
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Figure 2a. Simulation result in the rectangular bpx8, 8] x [—8, §]
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Figure 2b. Zoom area of the rectangular bpx4, 4] x [—4, 4]
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DEFINITION [Shiand Chen, 20Q4f : X — X, f(z) = z.
Expanding fixed poin(EFP):d )\ > 1 s.t.

d(f(x), f(y)) > Ad(z,y), ¥ 2,y € B,(2).

ome Page Snap-back repell{SBR): z is an EFP inB,.(z).

Title Page El CEO E BT<Z>, xo % z, S.t_ fm<x0> = Z for somem Z 2-

Nondegenerate SBRI i« > 0 s.t.

d(f™(z), f"(y)) = pd(z,y), Y,y € Bry(0) C Br(2).

Rl Regular SBR f(B,(z)) is open, and §, > 0 s.t. z iS an interior
point of f'(B;(x)) for anyd < 4.
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* In the Marotto paper, a SBR is regular and nondegenerate.


http://www.river-valley.com

