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Tri
omi problem
dx

dt
= f(X, q), X ∈ R

n = {X}, q ∈ R
m = {q}, (1)where f(X, q) is a smooth ve
tor-fun
tion, Rn is a phase spa
e, Rm is aparameter spa
e.Tri
omi problem. Let it be given a smooth path γ(s), s ∈ [0, 1] in parameterspa
e {q}. Does there exist a point q0 ∈ γ(s) for whi
h system (1) with q0 has ahomo
lini
 traje
tory?De�nition. Traje
tory x(t) of system (1) is said to be homo
lini
 if the followingrelation lim

t→+∞
X(t) = lim

t→−∞
X(t) = X0 is satis�ed.

X(t, s)+ is a separatrix of saddle point X0: lim
t→−∞

X(t, s)+ = X0, X(s)+ is apoint of the �rst 
rossing of a separatrix X(t, s)+ with the 
losed set Ω:
X(t, s)+∈Ω, t ∈ (−∞, T ),

X(T, s)+ = X(s)+ ∈ Ω.

X(t,s)
+

X(s)
+Figure : Separatrix X(t, s)+,.G.A. Leonov Homo
lini
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Fishing prin
iple: assumptions
dx

dt
= f(X, q), X ∈ R

n = {X}, q ∈ R
m = {q}.Let for the path γ(s) there exist (n− 1)-dimensional bounded manifold with thepie
ewise smooth edge ∂Ω and it has the following properties:

◮ ∀ X ∈ Ω \ ∂Ω and s ∈ [0, 1] the ve
tor
f(X, γ(s)) is transversal to the manifold Ω;

◮ ∀ s ∈ [0, 1], f(X0, γ(s)) = 0 and the point
x0 ∈ ∂Ω is a saddle of the system; X(t,s)

+

X(s)
+

◮ the in
lusion X(0)+ ∈ Ω \ ∂Ω is satis�ed;
◮ the relation X(1)+ = ∅ is valid;
◮ ∀ s ∈ [0, 1] and Y ∈ ∂Ω \X0 ∃ a neighborhood U(Y, σ) = {X ||X − Y | < σ}su
h that X(0)+∈U(Y, σ);
◮ ∀ s : X(s)+ ∈ Ω and ∀ t ∈ (−∞, T ] ∃ a number R : |X(t, s)+| ≤ R. Here
X(T, s)+ = X(s)+. G.A. Leonov Homo
lini
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Fishing prin
iple: theoremTheorem 1. If 
onditions of the ��shing prin
iple� are satis�ed, then thereexists s0 ∈ [0, 1] su
h that X(t, s0) is a homo
lini
 traje
tory of the saddle
X0.

X(t,s)
+

X(s)
+

X(t,s )
+

0Interpretation. In the left �gure at the point X0 it is pla
ed a �sherman with therod X(t, s)+. A surfa
e of this lake is the set Ω, a shore of lake is ∂Ω. At s = 0 a�sherman hooked a �sh. Then X0(t, s)
+, s ∈ [0, s0] is a path of a rod with �sh tothe shore. But the �sh 
an be landed only through the point X0 (sin
e ∂Ω \X0 isa prohibited area). Therefore there o

urs a situation, shown in the right �gure(i.e. a �sherman 
aught a �sh). This 
orresponds to a homo
lini
 traje
tory.G.A. Leonov Homo
lini
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Lorenz, Lu and Chen system
ẋ = σ(y − x),

ẏ = rx − dy − xz,

ż = −bz + xy,

σ > 0, b > 0.

⇒
η = σ(y − x),

ξ = z − x2/b

ẋ = η,

η̇ = −(σ + d)η − σxξ + ϕ(x),

ξ̇ = −bξ − βxη,

ϕ(x) = σ(r − d)x− σ

b
x3, β =

2σ − b

bσ
.For Lorenz system r > 0, d = 1, for Lu system d = −c, c > 0, r = 0 and for Chensystem d = −c, c > 0, r = c− σ.Theorem 2. Let be σ + d > 0, r > d, β < 0. Then a separatrix of the saddle

x = η = ξ = 0 of the system doesn't interse
t the plane {x = 0} and any solutionof the system tends to a 
ertain equilibrium as t→ +∞.
V (x, η, ξ) = η2 − σ

β
ξ2 − 2

x
∫

0

ϕ(s)ds, V̇ (x, η, ξ) = −2(σ + d)η(t)2 +
2σb

β
ξ(t)2.G.A. Leonov Homo
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Lorenz, Lu and Chen system: 
ase 2σ > b, r > d

ẋ = σ(y − x),

ẏ = rx − dy − xz,

ż = bz + xy,

σ > 0, b > 0.

⇒
η = σ(y − x),

Q = z − x2/2σ

ẋ = η,

η̇ = −(σ + d)η − σxQ + σ(r − d)x− 1

2
x3,

Q̇ = −bQ+

(

1− b

2σ

)

x2.Consider the separatrix x(t)+, η(t)+, Q(t)+ of a zero saddle equilibrium,
x(t)+ > 0, ∀ t ∈ (−∞, T ).Lemma 1. The estimate Q(t)+ ≥ 0, ∀ t ∈ (−∞,+∞) is valid.Lemma 2. The estimate
η(t)+ ≤ Lx(t)+, ∀ t ∈ (−∞, T ), L = −σ+d

2 +
√

(σ+d)2

4 + σ(r − d) is valid.Lemma 3. Let the inequality 3σ − (2b+ d) < 2b(2σ−b)
2L+b be valid. Then

V̇ (x(t)+, η(t)+, Q(t)+) + (σ + d)V (x(t)+, η(t)+, Q(t)+) < 0, ∀ t ∈ (−∞, T ).G.A. Leonov Homo
lini
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Lorenz, Lu and Chen system: 
ase 2σ > b, r > dTheorem 3. If the inequality 3σ − (2b+ d) < 2b(2σ−b)
2L+b be valid, then

x(t)+ > 0, ∀ t ∈ (−∞,+∞) and the separatrix x(t)+, η(t)+, Q(t)+ doesn't tendto zero as t→ +∞.
ẋ = η,

η̇ = −(σ + d)η − σxξ + ϕ(x),

ξ̇ = −bξ − βxη,

ϕ(x) = σ(r − d)x− σ

b
x3

ε = (r − d)−1/2,

t1 →
√
σt

ε
,

x1 → εx√
2σ
,

η1 → ε2η

σ
√
2
,

ξ1 → ε2ξ

ẋ1 = η1,

η̇1 = −µη1 − x1ξ1 − ψ(x1),

ξ̇1 = −αξ1 − νx1η1.Here ψ(x1) = −x1 − 2σx31/b, µ = ε(σ+d)
√
σ
, α = εb√

σ
, ν = 2(2σ − b)/b.G.A. Leonov Homo
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 Traje
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Lorenz, Lu and Chen system: 
ase 2σ > b, r > d

ẋ1 = η1,

η̇1 = −µη1 − x1ξ1 − ψ(x1),

ξ̇1 = −αξ1 − νx1η1.
⇔

dF

dx
=

−µF − Px− ψ(x)

F
,

dP

dx
=

−αP − νFx

F
.The right system is equivalent ro the left one on the sets {x ≥ 0, η > 0} and

{x ≥ 0, η < 0}.
F1(0) = 0, F1(x) > 0, ∀x ∈ (0, x1), F1(x1) = 0.

ẋ = σ(y − x),

ẏ = rx− dy − xz, (∗)
ż = bz + xy.For any 
ompa
t set of parameters of the system (∗) the separatri
es

x(t)+, y(t)+, z(t)+ are uniformly bounded on (−∞, T ] :

√

(x(t)+)2 + (y(t)+)2 + (z(t)+)2 ≤ R, ∀ t ∈ (−∞, T ].G.A. Leonov Homo
lini
 Traje
tories in Dissipative Systems 8 / 16



ẋ = σ(y − x),

ẏ = rx − dy − xz,

ż = −bz + xy. ⇒

x→ σx,

y → σy,

z → σz,

t→ σ−1t
⇒

ẋ = y − x,

ẏ = r1x− d1y − xz,

ż = −b1z + xy,

r1 = r/σ, d1 = d/σ, b1 = b/σ.Lu: r1 = 0, d1 = c/a, b1 = b/a,Chen: r1 =
c

a
− 1, d1 = c/a, b1 = b/a.Proposition 1. Without loss of generality, for Lu nd Chen systems it 
an beassumed that a = 1.Lemma 4. Let be a = 1, b = 0, c ∈ (0.101, 1). The a separatrix of Lu system
rosses the plane {x = 0}.Lemma 5. Let be a = 1, b = 0, c ∈ (0.509, 1). The a separatrix of Chen system
rosses the plane {x = 0}. G.A. Leonov Homo
lini
 Traje
tories in Dissipative Systems 9 / 16



Lorenz, Lu and Chen system: �sherman prin
iple
ẋ = σ(y − x),

ẏ = rx − dy − xz,

ż = −bz + xy.

Ω = {x = 0, y ≤ 0, y2 + z2 ≤ R2}
x(t) ≡ y(t) ≡ 0, z(t) = z(0) exp−btTheorem 4. Let the numbers b, σ, d be given. For the existen
e of a number

r > 1 su
h that system has a homo
lini
 traje
tory, it is ne
essary and su�
ientthat 2σ + d < 3σ.Theorem 5. Let be r = 0, σ = 1, d = −c, c ∈ (0.101, 1). Then there exists
b ∈ (0, 2) su
h that the system has a homo
lini
 traje
tory.Theorem 6. Let be r = c− 1, σ = 1, d = −c, c ∈ (0.509, 1). Then there exists
b ∈ (0, 2) su
h that the system has a homo
lini
 traje
tory.G.A. Leonov Homo
lini
 Traje
tories in Dissipative Systems 10/ 16



Fisherman prin
iple: numeri
al resultsLorenz system: σ(s) ≡ 10, b(s) ≡ 8/3, d(s) ≡ 1, r(0) = 28, r(1) = 2,
r ∈ [13.92, 13.93]Lu system: σ(s) ≡ 35, d(s) ≡ −28, r(s) ≡ 0, b ∈ [44.963, 44.974]Chen system: σ(s) ≡ 35, d(s) ≡ −28, r(s) ≡ −7, b ∈ [40.914, 44.935]Shimizu-Moriokasystem ẋ = y, ẏ = x− ay − xz, ż = −bz + x2

b(s) = 0.8, a ∈ [0.93, 0.94]

ẋ = σ(y − x),

ẏ = rx − dy − xz,

ż = −bz + xy.
∼=

ẋ = σ(y − x) + p(x, y, z)(L(K1x− y) +Mz),

ẏ = rx − dy − xz + p(x, y, z)K2(L(K1x− y) +Mz),

ż = −bz + xy + p(x, y, z)(y −K1x).

p(x, y, z)











= 1, ∀ x, y, z : |y −K2x| ≤ ε, (y −K1x)
2 + z2 ≤ ε2,

≤ 1, ∀ x, y, z : |y −K2x| ≤ 2ε, (y −K1x)
2 + z2 ≤ 4ε2,

= 0, for all rest x, y, z.G.A. Leonov Homo
lini
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Modi�
ation of suggested systems
ẋ = σ(y − x),

ẏ = rx − dy − xz,

ż = −bz + xy.
∼=

ẋ = σ(y − x) + p(x, y, z)(L(K1x− y) +Mz),

ẏ = rx − dy − xz + p(x, y, z)K2(L(K1x− y) +Mz),

ż = −bz + xy + p(x, y, z)(y −K1x).

K1 =
1

2σ
(σ − d+

√

(σ − d)2 + 4σr)

K2 =
1

2σ
(σ − d−

√

(σ − d)2 + 4σr)

(b+ λ2 + L(K1 −K2))
2 ≤ 4M(K1 −K2)

b− λ2 − 2λ1 < L(K1 −K2) < b− λ2

λ1 =
1

2
(−σ − d+

√

(σ − d)2 + 4σr)

λ2 =
1

2
(−σ − d−

√

(σ − d)2 + 4σr)

λ1 > 0Lemma 6. Linear approximation of stable and unstable manifolds of the saddle
x = y = z = 0 of these two systems 
oin
ide.G.A. Leonov Homo
lini
 Traje
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Numeri
al results: Lorenz system
σ = 10, b = 8/3, d = 1, ε = 0.03,
M = 1000, L = 3.
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r = 13.9265576714,
K1 = 1.712994761327219,
K2 = −0.812994761327219,
λ1 = 7.129947613272194,
λ2 = −18.129947613272194. r = 13.9265576715,

K1 = 1.712994761331179,
K2 = −0.812994761331178,
λ1 = 7.129947613311783,
λ2 = −18.129947613311785.
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Numeri
al results: Lu system
σ = 35, d = −28, r = 0, ε = 0.01,
M = 1000, L = 14, K1 = 1.8, K2 = 0,
λ1 = 28, λ2 = −35.
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b = 44.963209. b = 44.963208.
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Numeri
al results: Chen system
σ = 35, d = −28, r = −7, ε = 0.01,
M = 1500, L = 35,
K1 = 1.681024967590665,
K2 = 0.118975032409335,
λ1 = 23.835873865673289,
λ2 = −30.835873865673289.
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