Realization of Digital Filters

Chapter Intended Learning Outcomes:

(i) Ability to implement finite impulse response (FIR) and
infinite impulse response (IIR) filters using different
structures in terms of block diagram and signal flow graph

(ii) Ability to determine the system transfer function and

difference equation given the corresponding block diagram
or signal flow graph representation.
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Filter Implementation

When causality is assumed, a LTI filter can be uniquely
characterized by its transfer function H(z):

M
Z bkz_k

H(z) =2 (9.1)

N

E akz_k

k=0

or the corresponding difference equation'
N

Zakyn— Zbkazn— (9.2)

k=0

where z[n] and y[n| are the system input and output
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Assuming aq # 0, the output is:
N

M
yln] = - —yn— |+ —aln (9.3)
=1 o 20

=0

Assigning a;/ay — a; and b, /by — by, yields

N M
yln] = = > aryln =kl + ) braln — k] (9.4)
k=1 k=0
Computing y[n] involves y[n—1],y[n—2],---,yln— NJ], and
zn],x[n —1],--- ,z[n — M]. That is, we need

= Delay elements or storage
= Multipliers

= Adders (subtraction is considered as addition)
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How many storage elements are needed?
How many multipliers are needed?
How many adders are needed?

Computations of y[n] can be arranged in different ways to

give the same difference equation, which leads to different
structures for realization of discrete-time LTI systems

4 basic forms of implementations, namely, direct form,
canonic form, cascade form and parallel form will be
described

An implementation can be represented using either a block
diagram or a signal flow graph
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Block Diagram Representation

multiplier z[n]

unit delay z[n]——

> zn — 1]

Fig.9.1: Basic operations in block diagram
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Although an adder can generally deal with more than two
sequences, here we consider two signals in order to align
with practical implementation in microprocessors.

When |a| > 1, it corresponds to signal amplification while the
signal is attenuated for |«| < 1. Note that a multiplier usually
has the highest implementation or computational cost and
thus it is desired to reduce the number of multipliers in
different systems, if possible.

The transfer function z=! corresponds to a unit delay. It can
be implemented by providing a storage register for each
unit delay in digital implementation. If the required number
of samples of delay is D > 1, then the corresponding system
function is == ".
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Signal Flow Graph Representation

y[n]
adder z|n]o—» E =0 x|n| + y[n]

y o

multiplier z|n]o o azx|n|

unit delay z[n]o > o x[n — 1]

Figure 9.2: Basic operations in signal flow graph
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Its basic elements are branches with directions, and nodes.
That is, a signal flow graph is a set of directed branches
that connect at nodes.

Signal at a node of a flow graph is equal to the sum of the
signals from all branches connecting to the node.

Signal out of a branch is equal to the branch gain times the
signal into the branch.

Branch gain can refer to a scalar or a transfer function of 2!
corresponding to multiplication or unit delay operation,
respectively.

When the branch gain is unity, it is left unlabeled.

A signal flow graph provides an alternative but equivalent
graphical representation to a block diagram structure
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Example 9.1
Draw the block diagram and signal flow graph
representations of a LTI system whose input z[n] and output

y[n| satisfy the following difference equation:

yln| = —aryn — 1| — asy\n — 2] + byz|n]
b
x|n + ~ y[n]
l
 yyln—1]
% yln =2

Fig.9.3: Illustration of block diagram
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z|n]o—s—o0 > o——0 y|[n|
A 2 ly
—a
e > oyln — 1]
A 21y
—ay
< Oy[’n—z]

Fig.9.4: Illustration of signal flow graph

2 adders, 3 multipliers and 2 delay elements are required to
implement the system.
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Structures for FIR Filter

For FIR filter, its transfer function does not contain pole.
That is, settingagy=1anda;=ay=---=ay=01in (9.1) yields
a FIR system:

M
H(z) = Zbkz_k (9.5)
k=0
while the corresponding difference equation is:

M
yln] = > brxn — k] (9.6)
k=0

H. C. So Page 11 Semester B 2011-2012



1. Direct Form

Comparing (9.6) with the convolution formula of (3.18), {4}
correspond to the system impulse response hnl:

h[n}{bn’ hsns M (9.7)

0, otherwise

(9.6) can also be written as:
yn] = 3 hlklzn — K] = h{0Je[n] + h[Lzn — 1] + - h[M]zln — M] (9-8)

The direct form follows straightforwardly from the difference
equation.
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The implementation needs M memory locations for storing
M previous inputs of z[n|, (M + 1) multiplications and M
additions for computing each output value of y[n].

Fig.9.5: Direct form of FIR filter
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2. Cascade Form

Expressing (9.5) as products of second-order polynomial
system functions via factorization:

§

Z bz " = H Bow + Brez” " + 5%2_2) (9.9)
k=1

where M.=[(M +1)/2] is the largest integer contained in
(M +1)/2. Note that when A is odd, one of the {3,.} will be

zero. Assuming that M is even, this implementation needs
M storage elements, 3M /2 multiplications and M additions,

for computing each output value of y[n|.
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Boi Boa  wa 7] Bonr,

> - O—» ... O > O—>» y[n]
I

5:1 5:2 | B,
A Z_l

Ba1 522 Bau.,

Fig.9.6: Cascade form of FIR filter

wi[n| = Boxn] + Buzn — 1] + Bauzn — 2] (9.10)

and
wz[”] — /602w1[n] + 512101[” - 1] + 522%[” - 2] (9.11)

H. C. So Page 15 Semester B 2011-2012



Taking z transform on (9.10) and (9.11):

Wi(z) = PnX(z) + Bllz_lX(z) + Bglz_QX(z)
= (Bor + Bzt + Bz %) X(2) (9.12)
and
Ws(z) = BoaWi(2) + Braz ™ 'Wi(2) + Bagz*Wi(2)
= (Bo2 + Broz™ " + Bz ) Wi(z) (9.13)

Substituting (9.13) into (9.12) yields:
Wa(z) = (Bor + Bz~ + Bz ™) (Boz + Bz~ + Bwz7) X(2) (9.14)

Extending (9.14) to y[n|, we finally get:

Y(z) = (Bor+ Buz™ + Buz™) - (Bows, + Bunez™ + Pargz ™)
M.

= X(2) ]| (Bor + Buz™" + Bz ™) (9.15)
k=1
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To save the computational complexity, we express (9.9) as:

=

H(z)=G|](1+ 8"+ B2 (9.16)

k=1

where G = Byfw---Bom. + By = Bu/Bo and 35 = Bor/Bor
k=1,2,---,M. Thatis, all {5,.} are normalized to 1.

Assuming that M is even, (9.16) needs M delay elements,

(M + 1) multiplications and A7 additions, for computing each
output value of y[n]
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Fig.9.7: Cascade form of FIR filter with smaller complexity

Example 9.2
Draw the signal flow graph using the cascade form for the
LTI system whose transfer function is:

4
H(z) = Zz_k I
k=0
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To factorize H(z), we use the MATLAB command roots ([1 1
1 1 1]) to solve for the roots:

0.3090 + 0.95111
0.3090 - 0.95111
-0.8090 + 0.58781
-0.8090 - 0.58781

Hence H(z) can be factorized as

H(z) = (1-10.309 4 70.9511]z"") (1 —[0.309 — 70.9511]z"") X
(1 —[—0.809 + 50.5878]z"") (1 — [—0.809 — j0.5878)z"")

Although it can be realized with first-order sections,
complex coefficients are needed, which implies higher
computational cost. To guarantee real-valued coefficients,
we group the sections of complex conjugates together:
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(1—0.6182""+27%) (1+1.6182"" +277)
= (14161827 +277) (1 — 0.6182"" 4+ z7)
o—> y[n]

Fig.9.8: Two possible cascade forms for FIR filter
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Structures for IIR Filter

When there is at least one pole in H(z), it corresponds to an
IIR filter. The corresponding transfer function is thus:

M
E bkz_k
k=0

= (9.17)
1+ Zakz_k
k=1

H(z)

That is, IIR filter is the general form of any discrete-time
LTI system.

H. C. So Page 21 Semester B 2011-2012



1. Direct Form

It realizes (9.4) in an explicit manner via decomposing it
into a pair of difference equations:

M
v[n] = Z brx[n — kl (9.18)
and =
N
yln] = = aryln — k] + v[n] (9.19)
k=1

The direct form can also be obtained by decomposing H(z)
into two transfer functions as:

H(z) = Hi(2) - Hy(2) (9.20)
where
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M
Hy(z) = bpz" (9.21)
k=0

and 1
Hy(z) = — (9.22)
1+ Zakz_k
k=1
In the 2z transform domain, we have:
M
V(z) = X(2)Hi(z) = X(2) ) _bpz"" (9.23)
k=0
and
Y(2) = V() Hyfz) = —2) (9.24)

H. C. So Page 23 Semester B 2011-2012



x|n| i > + i >~ y(n|
—1 —1
z b, —ay |7
> «

A 4 A 4
1 -1
bg — a2
> <
‘ brr—1 —aN-1 ‘
> <=
v v
-1 -1
b —an
g .

Fig.9.9: Direct form of IIR filter
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The direct form implementation needs (M + N) memory
locations, (M + N + 1) multiplications and (M + N) additions,
for computing each output value of y[n|.

2. Canonic Form

On the other hand, we can first pass z[n] through the filter
H,(z) to produce an intermediate signal w[n]. The w[n] is then
passed through the system H,(z) to give y[n|:

X(z)

N
1+ Z CLka
k=1

W(z) = X(2)Ha(2) = (9.25)

and

Y(z) = W(z)Hi(z) = W(z) ) bpz" (9.26)
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Applying inverse = transform, we get:

N
wln] = =) " apwln — k] + z[n] (9.27)
and !
M
yln] = brwln — k] (9.28)
k=0

which can be considered as an alternative direct form.
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x|n) + l > l > y|n|

~1 ~1

PR 2 b,

< >
A A
1 =1

—ag bQ

< >

z‘l z_l
—an by
-

Fig.9.10: Alternative direct form of IIR filter
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Assume M=N . Since the same signals
wln],wn —1],--- ,wln — N|], are stored in the two chains of
storage elements, they can be combined to reduce the
memory requirement.

In general, the minimum number of delay elements
required is max(M, N).

It is called canonic form because this implementation
involves the minimum number of storages.
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H. C. So
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Fig.9.11: Canonic form of IIR filter
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Example 9.3
Draw the block diagrams using the direct and canonic forms
for the LTI system whose transfer function is:

2

o 1—32t 22
14032 —0.1272

H(z)

According to (9.18)-(9.19):

v[n] = z|n] — 3xn — 1] + 2x[n — 2]
y|n] = —0.3yln — 1]+ 0.1y[n — 2] + v|n]

Based on (9.27)-(9.28):

wln] = —0.3w[n — 1]+ 0.1w[n — 2] + x|[n]
yln| = w[n| — 3wn — 1] 4+ 2w[n — 2|
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Fig.9.13: Canonic form of second-order IIR filter
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3. Cascade Form

We factorize the numerator and denominator polynomials in
terms of second-order polynomial system functions as:

M
iy
Z brz N,

H(Z) . k=0 _ H IBOk —+ /Blkz_l + 52/{2:?2 (929)

N 14+ (XlkZ_l + Oégk-Z_Z

.y k=1
1+ E apz g
k=1

Without loss of generality, it is assumed that N > M so that
N.=|(N +1)/2]. Note that when M or N is odd, one of the

{Bo} or {au:} will be zero.
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Each second-order subsystem

Bor + Bipz ! + Bopz ™
1+ aqk.z_l + Odgkz_z

(9.30)

can be realized in either the direct or canonic form.
Nevertheless, the canonic form is preferred because it
requires the minimum number of delay elements.

In IIR filter implementation, we can group the numerator
and denominator of (9.30) in different ways, leading to
different pole and zero combinations in each of the second-
order sections.

For example, there are four possible cascade realizations for
a fourth-order IIR filter with M = N = 4.
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]+ (D D T yln]
— 11 Zl_l 511 — Q12 Zl_l 512
- - - -
Y L
o1 o1
— 91 | 521 — Q99 522
- . - -

Boz Bo1
z|n]-»(+)— IR e y|n]
— 11 Zl_l 512 — Q12 Zl_l Bll
- - - .

Y Y

51 51
— 21 | 522 — (22 521
- | ¢ -
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501 502
z[n|-={H— IR S y|n]
— 19 Zl_l 611 — Q11 Zl_l 512
- - -« |
Y Y
,z_l Z_l
— 99 521 — Q21 522
| - - -

502 501
z|n]-»{(+)— I e yn]
— 19 Zl_l 512 —aq1 Zl_l 611
- - -y .

Y v

L1 L1
— (x99 522 — 91 | 512
- . « >

Fig.9.14: 4 possible cascade realizations for 4th-order IIR filter
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To save the computational complexity, we express (9.29) as

N(ﬁ

H(z)=GT] Lt P + By (9.31)

. 1+ ozt + agpz?

where G = By1Bw---Bon, + By = Bi/Boe and B = Bou/Box
k=1,2,---,N..

Assuming that N is even with N=M , the cascade
implementation of (9.31) needs N or 2N delay elements,
(2N + 1) multiplications and 2N additions, for computing

each y[n] . That is, its memory and computational
requirements are equal to those of the direct form.
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Example 9.4
Draw the signal flow graph using the cascade form with

first-order sections for the LTI system whose transfer
function is:

2

B 1 —3z7! + 2z
14032 t—0.1272

For each first-order section, canonic form is assumed.

Solving the quadratic equations of the numerator and
denominator polynomials, we can factorize H(z) as:

(1—2"1(1—-27"
(1+0.527") (1—0.2271)
There are four possible cascade forms for H(z):

H(z) =
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Note that although all four realizations are equivalent for
infinite precision, they may differ in actual implementation
when finite-precision numbers are employed.
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y[n]

STy Ty Ty T
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A —1 Z—l
—0.5 —2 0.2 —1
-« 9 > -¢ @ |
aj[n] > O > - O -
-1 Z—l
—0.5 —1 0.2 —2
- O > - O >
af[n] > O > ) > O -
—1 A Z—l
0.2 —2 —0.5 —1
- O > - O >
x[n] > O > > O -
-1 Z—l
0.2 —1 —0.5 —2
-« 9, > -¢ @, -

Fig.9.15: 4 possible cascade realizations with 1st-order sections

H. C. So

Page 39

Semester B 2011-2012



Example 9.5
Consider a LTI system whose transfer function H(z) is:

3 ., 2 v, 1 .,
l——2z  + =z l ——2z "+ ==
10 5 12 2
H(z) =

(1=3z""+277) (1— 727" +12277)

Find the number of possible combinations of cascade form
with second-order sections. Determine if the system is
stable or not.

Further factorizing H(z) yields:
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For the numerator polynomials, there are 3 grouping
possibilities in terms of second-order sections as follows:

(1 — 121> (1 — Zzl) : (1 — §z1) (1 — %z1>
2 3 4 5
(1 — lzl) (1 — §z1) : (1 — gzl) (1 — %zl)
2 4 3 5!
(1 — 121) (1 — %zl) : (1 — §21) (1 — gzl)
2 5! 4 3
There are also 3 grouping possibilities for the denominator:

(1—2"1(1—-2271), (1-327") (1—4271)
(1—2"1(1-3271), (1—2271) (1—4271)
(1 — 2_1) (1 — 42_1) : (1 — 32:_1) (1 — 27;_1)
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Each fourth-order IIR filter can be realized in four possible
cascade forms.

As a result, the number of possible cascade form
combinations with second-order sections for H(z) is
334 = 36.

When implementing a filter, causality is always assumed
because it is impossible to realize a noncausal system
where the output depends on future input. It is clear that
the region of convergence (ROC) for causal H(z) is |z| > 4.
Since the ROC does not include the unit circle, the system is
not stable.

In summary, a causal system is stable when all poles are
inside the unit circle.
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4. Parallel Form

The idea of the parallel form is similar to the partial fraction
expansion of z transform:

—N N,

c —1
B[Z_l 4+ Z Yok + V1k? (9.32)
k=1

M
H(z) = .
( ) — 1+Oélk2_1 +CE2/€Z_2

[=0

where N.=|[(N+1)/2]. But now we use second-order
sections in order to ensure all {vo}, {11}, {1} @and {ay} are
real.

Note that when M < N, the first summation term in (9.32)
will not be included.
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Example 9.6
Draw the block diagram using parallel form for a LTI system
whose transfer function is:

1 —3271 42277

H(z) = :
(%) 140327 —0.1277

Following the long division as in Example 5.9, we obtain:

21 + 327!
14+03z71—0.1z772

H(z)=—-20+
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.
x|n| — . l
+ > ¢ >— y[n]
—1
03 |~ 3
- |
\
-1
0.1
-

Fig.9.16: Parallel form with second-order section

As the poles of H(z) are real, we can also express H(z) in
terms of first-order sections as:
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75 72
H(z) =—-20+ 7 — + [ —
1+ 0.0z 1 —-0.2z

—20
>
-
+ > i > ><—|?—> y[n]
1
05 |~ 72
- | b
+ > i >
1
0.2 [°
- |

Fig.9.17: Parallel form with first-order sections
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Example 9.7
Determine the transfer function H(z) and the difference

equation which relates x[n] and y[n] for

rsin(¢) 4 1

Fig.9.18: LTI system parameterized by » and ¢
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We first introduce an intermediate sequence w|n| to relate
x/n] and y[n]. Then we can establish:

wn| = wn — 1] - rsin(¢) — yn — 1] - r cos(¢) + x[n]
and
wn — 1] - cos(6) + yln — 1] - rsin(@) = yln

Applying z transform vyields:

| W(z) =W(z)z"trsin(¢) — Y (2)z 7 r cos(¢) + X(2)
an
W(z)z trcos(¢) + Y(z)z lrsin(¢) = Y(z)

From the second equation, we have:

1 — z7lrsin(¢) .
2 'r cos(o) Y(z)
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Substituting it into the first equation, we finally have:

1 — 2z~ frsin(qb)y(z) (1 . Z_LF Sm<¢)) _ —Y(z)Z_l’l“ cos(¢) + X(Z)

2 ' cos(o)
= Y (2) (1 — 227 1y sin(¢) —|—_z1_2r2) = X(Z)Z_17“ cos(¢)
L H() - Y(z) z7hr cos(¢)

X(z) 1-—2z1rsin(¢) + 222
Taking the inverse z transform gives:

y[n] — 2rsin(o)y[n — 1] + r*y[n — 2] = rcos(¢)z[n — 1]
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Comparison of Different Structures

The major factors that affect our choice of a specific

realization

are

computational

complexity,

memory

requirement, and finite word-length effects. Assuming that
M is even with M = N:

Structure Multiplication |Addition |Register
Direct form M +1 M M
Cascade form M +1 M M

Table 9.1: FIR filter structure comparison

Structure Multiplication |Addition Register
Direct form 2M + 1 2M 2M
Canonic form 2M + 1 2M M
Cascade form OM + 1 2M M
Parallel form oM + 1 3M/2+ 1 M

Table 9.2: IIR filter structure comparison
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Computations of the direct form can be reduced if the FIR
filter coefficients are symmetric or anti-symmetric.

When the filter coefficients are expressed using infinite
precision numbers, all realizations are same. However, in
practice, they are processed in registers which have finite
word-lengths. In the presence of quantization errors, the
cascade and parallel realizations are more robust than the
direct and canonic forms, that is, they have frequency
responses closer to the desired responses.

FIR filters are less sensitive than IIR filters to finite word-
length effects.

For a feasible system, it should be causal and stable.

In cascade and parallel realizations of IIR filters, system
stability can be easily monitored by checking pole locations.
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