Exercises for Week 3

Find the Continuous-Time Fourier Series (CTFS) coefficients for the following continuous-
time periodic signal:

w={35 12153
with fundamental period of T = 2.
Use L’Hopital’s rule to prove
2 sinéQT) g

When Q = 0.

Find the real part, imaginary part, magnitude and phase of

X(Q) =

a+jQ

Compute the Continuous-Time Fourier transform of
x(t) =e @t a>0

Then find the magnitude and phase of X ().

Compute the Fourier transform of x(t) = cos(100t).

Compute the Fourier transform of x(t) = 1.



Consider the analog signal
x(t) = 3 cos(20007t) + 5sin(60007t) + 10 cos(12000mt)

(a) What is the Nyquist rate for this signal?

(b) Assume now that we sample this signal using a sample rate F; = 5 kHz. What is
the discrete-time signal x[n] obtained after sampling?

(c) What is the analog signal y(t) we can reconstruct from the samples if we use

ideal anti-imaging lowpass reconstruction filter?



Solution
Question 1

. (15 0<t<1
x(t)_{—l.s 1<t<?2

The signal has period T = 2 and fundamental frequency (1, = m.
Consider the period from t = —1 to t = 1, the periodic signal X¥(t) can be represented as

. (15, o0<t<1
x(t)‘{—1.5 1<t<0

This representation making the Fourier coefficients easier to calculate as

1 (72 , 1[° . 1 ,
ay = —f x(t)e Tkotgt = — f —1.5e7Jkmtqt + f 1.5e7 k™t dt
T) 7/ 21J)4 0

Fork =0,
1[r° 1 1
ag = —U _1.5dt +f 1.5dtl = —[-15+.15] =0
21), . 2

For k + 0,

0 1
ag =3 U —1.5e~/kmtde + f 1.Se‘jk“tdtl
-1 0

3[° ) v
— f _e—]kntdt _l_f e—]kntdtl
4 | /-1 0

0 1
E — 1 e—jkTEt + 1 e—jkTL’t
4 —jkm —jkm

-1 0

= 4‘]ﬂ[l — ejk” - e‘jk”t + 1]

= 4]? [2 — 2 cos(km)]

= ]2? [1 — cos(km)]



Question 2

For 1 = 0, prove

2 sin(QT)
—— =2T
Q
We can use L’Hopital’s rule to obtain
_ d(2sin(QT))
y 2sin(QT) y — da . 2Tcos()) o7
I =l —g =l =
dQ
Question 3
Find the real part, imaginary part, magnitude and of
X@(GQo) =
U a+ jQ
We can first simplify this expression to
X(iQ) = 1 1 a—jQ a—-jQd  a ny -
U=~ armajo ere o+ Harw

As aresult, real and imaginary parts of X(j€) can be identifies as:

a -Q
a2+02 a2+02

The magnitude is

a N2 -0 \? a? + 02 1
XG0 = () + () = -
a? + Q0?2 a? + 0?2 (a2 +02)2  JqZz ¥ (2

And the phase is

i VI
a? + Q2
a

tan-1(—)
= tan —) =
a? + 02 4

£2X(jQ) ==tan™?!

Note that the magnitude can also be found in an easier manner as follows:

1 1 1
a+jQ a—jQ Jaztr

IXG)| = VX[ - X* () = j



Question 4

Compute the Continuous-Time Fourier transform of
x(t) =e @t a>0

We can first express this signal in the following form for calculating the CTFT:

e—(xt

X = {0

, t=0
, t<O0

0

(o]
edte—Jjt dt+f e *te—J0t gt
0

XGo = f:x(t)e—fﬂt dt = f

— 00

0 0o
= f e@-jVt gt + f e~ (@Dt gt
—oo 0

1 0 1 o
= —e(a_jﬂ)t + —e—(a+ﬂj)t
(a —j) (a +9Q))

0

— 00

1 N 1
T a—j0 a+Qj

1 a+jQ+ 1 a-jQ
T a—jQ a+jQ a+Qj a-—jQ

_ 2a
a4+ 02

As X(jQ) is real and @ > 0, we have:

2

XG)| =X(G) =iz

and
2X(j) =0



Question 5

Compute the Fourier transform of x(t) = cos(100t). However, we should realize that it is difficult
to calculate the Fourier Transform of the sinusoidal signal using the transformation equation.

On the other hand, we know that the inverse Fourier Transform of shifted impulse in Transform
domain is a complex exponential signal as shown below:

e/t & 2m85(Q — Q)
According to the above expression, we know

ejQOt + e_jQOt

cos(Qyt) = 5
As a result,
j100t 4 o=j100t
cos(100t) = > o 1é(Q+ 100) + w6 (Q — 100)
T T T

1 | >

—100 0 100 Q)
Question 6

Compute the Fourier transform of x(t) = 1, we can apply again:
/Mt o 250 — Q)

A DC signal of x(t) =1 corresponds to the frequency of (L =0 as it can be expressed as
x(t) =1=el0t

As a result,

1=e/" & 216(Q)

2T

]
oy

C



Question 7

(a)

x(t) = 3 cos(20007t) + 5sin(60007t) + 10 cos(120007t)

What is the Nyquist rate for this signal?

The frequencies existing in the analog signal are:

2, 20007

1 === =1000Hz =1 kHz
2T 2T
0, 6000

) == = 3000 Hz = 3 kHz
2T 2T
N; 120007

3 =—= = 6000 Hz =6kHz
2T 2T

Thus, f,,.x = 6 kHz and according to the sampling theorem,

F, > 2 fnae = 12 kHz

The Nyquist rate is 12 kHz

(b)

Assume now that we sample this signal using a sample rate F; = 5 kHz. What is the discrete-
time signal x[n] obtained after sampling?

x(t) = 3cos(20007t) + 5sin(60007t) + 10 cos(120007t)

x(t) = 3cos(2m - 1000t) + 5sin(27 - 3000t) + 10 cos(2m - 6000t)
1 1

F, 5000

30
5000 5000 5000

s i ()] 53 or (2] 100 an (2]
= ()) r5sm(ox (- 3) s 0es (a2
<o () #5521 (£)) + 10 ()

- sss(on () -son (o3

» sin(x + y) = sin(x) cos(y) + cos(y) sin(x)
» cos(x +y) = cos(x) cos(y) — sin(y) sin(x)

0 6000
x[n] = x(nT) = 3 cos (271—71) + 5sin (Zn n) + 10 cos (Zn—nt)

= (O]



(¢) What is the analog signal y(t) we can reconstruct from the samples if we use ideal anti-
imaging lowpass reconstruction filter?

Since only frequency components at 1 kHz and 2 kHz are present in the sampled signal, the analog
signal we can recover is

y(t) = 13 cos(20007t) — 5 sin(40007t)
Which is obviously different from the original signal x(t).

The distortion of the original analog signal was caused by the aliasing effect, due to the low
sampling rate of 5 kHz used, which lower than the Nyquist rate of 12 kHz.



