Exercises for Week 4

Determine the discrete-time Fourier transforms (DTFTs) for

x[n] = (0.5)"u(n) and y[n] = 2" u(n)
Let h.(t) be the impulse response of a linear time-invariant (LTI) continuous-time system
and it has the form of:

at t>0, a>0

_\e
he(t) = {0, t<o0

(a) Determine the Fourier transform of h.(t), H.(j{).

(b) The h,(t) is sampled with a sampling period of T to produce a sequence h.[n].
Determine the DTFT of h.[n], Hc(ej“’).

(¢) Find the maximum values for |H.(j)|and |HC (ej “’) |

Consider a LTI system with input x[n], output y[n] and impulse response h[n]. Let the
DTFT of h[n] be H(e/*).

(a) Ifx[n] = e/®1", determine y[n] in terms of H(e/*).

(b) Extend the result of (a) when

K
x[n] = Z o e Ok

k=1

Let X(e/®) denote the DTFT of x[n]. Prove the following two properties:
(a) The DTFT of x*[n]is X*(e™/®).

(b) The DTFT of x*[—n] is X*(e/®).



Suggested Solution

Question 1
, = . 1
jw) — n = Ne—Jon —
X(e/*) = DTFT{(0.5)"u[n]} 20(0.5) e T 0EeTe
n=

Y(e/®) = DTFT{(2)"u[n]} = Z(Z)”e‘f“m =

However, the summation of );_,|(2)™| is not absolutely summable, thus the DTFT of y[n] is not
exist.

Question 2

e, t=>0,a>0 _

_at .
0 r<0 e Mu(t) witha >0

Given h.(t) = {

(a) The CTFT of h.(t) is

H.(j2) =f he.(t)e /¢tdt =f e~ ato—J0t ¢ =f e—(@+iDt ¢
o 0

0

[0¢]

e—(a+jn)t

T —(a+j0)

e—(a+j.(2)oo e—(a+j.(2)0 1

L @t —(a+j2)  a+j0

(b) The sampled version of h.(t)

e™ ™ n=0,a>0_ o—arn

hc[n] =h.(nT) = { 0 n<o

u[n]

H(eja)) — N e—aTne—ja)n — 1 — 1
- T 1 —eaTe-jw T 1 — p-(aT+jw)
n=0




(c)

_ . . 1 1 1
|H G| = VHGDH ) = Ja AT /az o

When Q = 0, |H.(jQ)| is maximum. Thus, the maximum value of |H.(jQ)| is
H.(j0)] = 1 _ 1
U0l = az+0%2 a
1 1

|H(e]“’)| = \/H(ejw)H*(ejw) - \[1 —e-@rtjo) 1 — g-(aT—jw)

1 1
= \/1 —e-aTpjw — p—aTp—jw 4 o—2aT = \/1 — e—aT[ejw + e—jw] + e—2aT

1
- \/1 —2e~4T cosw + e~2aT

When w =0, |H(ej“’)| is maximum. Thus, the maximum value of |H(ej“’)| is

jo 1 1 1
|H(e/)| = 1—2e-aT ye-2aT  [({—e-al)2 {—_e-al




Question 3
3(a) H(e’/®) is the frequency response of the LTI system with unit impulse response of h[n].
For the input sequence of x[n] = e/®1", then the output sequence

y[n] = x[n] * h[n] = e/“1™ x h[n]

oo 0]

- Z h[k]e/@1=k) = giwin Z h[kle=i@1k = H(eior) gforn

k=—c k=—c0

3(b) Use the linearity property of the LTI system, when x[n] = Y>X_, a, e/“¥ the output sequence

is equal to
K
ylnl = ) aH(eloelon
k=1
Question 4
X (ej “’) denote the DTFT of x[n], then
X(ed®) = Z x[n]e=Jen
n=-—oo

4(a) The DTFT of x*[n] is X*(e™/®)

[ee] [ee]

X*(el?) = ( Z x[n]e‘j“’">* = Z x*[n]e/om

n=-—oo n=-—oo

(0]

X*(e—ja))z Z x*[n]e—jwn

Then,

DTFT{x*[n]}

Z x*[n]e~on = X*(e /@)
n=—oco



4.(b) The DTFT of x*[—n] is X*(e/®).

DTFT{x*[-n]} = Z x*[—nle—jon

n=-—oo

Letm = —n

— 00 [oe] 0]

DTFT{x*[-n]} = z x*[m]e/e™ = z x*[m]ele™ = ( z x[m]e‘j“’m> = X*(e®)

m=oo m=—oo m=—oo



