
  
 

Exercises for Week 5 
 
 
1. Prove the following orthogonality identity: 
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2. Let 𝑋[𝑘] be the 𝑁-point Discrete Fourier transform (DFT) of a 𝑁-point sequence 𝑥[𝑛] for 0 ≤

𝑛 ≤ 𝑁 − 1. 
 

(a) Show that if 𝑥[𝑛] satisfies 𝑥[𝑛] = −𝑥[𝑁 − 1 − 𝑛], then 𝑥[0] = 0. Consider separately the 
cases of odd and even 𝑁. 

 
(b) Show that if 𝑁 is even and 𝑥[𝑛] = 𝑥[𝑁 − 1 − 𝑛], then 𝑥[𝑁/2] = 0. 
 
 
 

3. Determine the DFT of 
 

𝑥[𝑛] = &𝑎
,, 0 ≤ 𝑛 ≤ 𝑁 − 1
0,  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒  

 
 

4. Let  𝑥=[𝑛] ↔ 𝑋?[𝑘]be a discrete Fourier Series (DFS) pair. Prove the symmetric properties: 
 

𝑥=∗[𝑛] ↔ 𝑋?∗[−𝑘] 
and 

𝑥=∗[−𝑛] ↔ 𝑋?∗[𝑘] 
 

Then show that if 𝑥=[𝑛] is real, we have: 
 

§ Re{𝑋?[𝑘]} = Re{𝑋?[−𝑘]} and Im{𝑋?[𝑘]} = −Im	{𝑋?[−𝑘]} 
 

§ C𝑋?[𝑘]C = C𝑋?[−𝑘]C	 and ∠𝑋?[𝑘] = −∠𝑋?[−𝑘] 
  



  
 

Solution 
 
Question 1 
 
For 𝑘 = 𝑟: 
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For  𝑘 ≠ 𝑟, let 𝑙 = 𝑘 − 𝑟  where 𝑙 ≠ 0. We have: 
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Question 2 
 
2(a) 
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⟹ 𝑋[0] = # 𝑥[𝑛]
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For even 𝑁 and using 𝑥[𝑛] = −𝑥[𝑁 − 1 − 𝑛], we have: 
 

𝑋[0] = # 𝑥[𝑛]
%)-

,./

= (𝑥[0] + 𝑥[𝑁 − 1]) + (𝑥[1] + 𝑥[𝑁 − 2]) + ⋯+ G𝑥 N
𝑁
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𝑁
2OH = 0 

 
For odd 𝑁 and using 𝑥[𝑛] = −𝑥[𝑁 − 1 − 𝑛], we get: 
 

𝑥[(𝑁 − 1)/2] = −𝑥[𝑁 − 1 − (𝑁 − 1)/2] = 	−𝑥[(𝑁 − 1)/2] ⟹ 𝑥[(𝑁 − 1)/2] = 0 
 
Hence: 
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𝑁 − 1
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] = 0 

 
 
 
 
 
 



  
 

 
 
2(b) 
For even 𝑁 and using 𝑥[𝑛] = 𝑥[𝑁 − 1 − 𝑛], we have: 
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= 𝑥[0] − 𝑥[1] + 𝑥[2] − ⋯+ 𝑥[𝑁 − 2] − 𝑥[𝑁 − 1] 

= (𝑥[0] − 𝑥[𝑁 − 1) − (𝑥[1] − 𝑥[𝑁 − 2]) + ⋯+ (−1)
!
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= 0 
 

 
 
 
Question 3 
 
For 0 ≤ 𝑘 ≤ 𝑁 − 1: 
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As a result, we have: 
 

𝑋[𝑘] = P
1 − 𝑎%

1 − 𝑎𝑒)!#$(/%
, 0 ≤ 𝑘 ≤ 𝑁 − 1

0,  																						 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

 
  



  
 

Question 4 
 
Let 𝑥=-[𝑛] = 𝑥=∗[𝑛]. Then 
 

 

 
Let 𝑥=#[𝑛] = 𝑥=∗[−𝑛]. Then 
  

 
Note that 𝑥=∗[0]𝑊%

)(∙/ = 𝑥=∗[0] = 𝑥=∗[𝑁] = 𝑥=∗[𝑁]𝑊%
)(∙%.  

 
If 𝑥=[𝑛] is real, then 𝑥=[𝑛] = 𝑥=∗[𝑛]. So we have: 

 
𝑋?[𝑘] = 𝑋?∗[−𝑘] 

=> 
Re{𝑋?[𝑘]} + 𝑗	Im{𝑋?[𝑘]} = Re{𝑋?∗[−𝑘]} + 𝑗	Im{𝑋?∗[−𝑘]} = Re{𝑋?[−𝑘]} − 𝑗	Im{𝑋?[−𝑘]}  

 
Equating the real and imaginary parts on both sides, we get: 
 

Re{𝑋?[𝑘]} = Re{𝑋?[−𝑘]} 

Im{𝑋?[𝑘]} = −Im{𝑋?[−𝑘]} 
 
Moreover, 
 

C𝑋?[𝑘]C = TURe{𝑋?[𝑘]}V# + UIm{𝑋?[𝑘]}V# = TURe{𝑋?[−𝑘]}V# + U−Im{𝑋?[−𝑘]}V# 
 

= TURe{𝑋?[−𝑘]}V# + UIm{𝑋?[−𝑘]}V# = C𝑋?[−𝑘]C 
 
 

∠𝑋?[𝑘] = tan)- Z
Im{𝑋?[𝑘]}
Re{𝑋?[𝑘]}

[ = tan)- Z
−Im{𝑋?[−𝑘]}
Re{𝑋?[−𝑘]}

[ = −tan)- Z
Im{𝑋?[−𝑘]}
Re{𝑋?[−𝑘]}

[ = −∠𝑋?[−𝑘] 
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With circular shift, DFT has the same properties as DFS, the following results can also be deduced 
accordingly: 
 

Re{𝑋[𝑘]} = Re{𝑋[𝑁 − 𝑘]} 

Im{𝑋[𝑘]} = −Im{𝑋[𝑁 − 𝑘]} 

|𝑋[𝑘]| = |𝑋[𝑁 − 𝑘]| 

∠𝑋[𝑘] = −∠𝑋[𝑁 − 𝑘],			𝑘 = 0,1, … , 𝑁 − 1 

 

=> For real signals, we only need to compute around half of the DFT coefficients (𝑘 =
0,1, … , 𝑁/2for even 𝑁) 

 


