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ABSTRACT

Dealing with high-dimensional data has always been a major problem in many pattern recognition and
machine learning applications. Trace ratio criterion is a criterion that can be applicable to many
dimensionality reduction methods as it directly reflects Euclidean distance between data points of
within or between classes. In this paper, we analyze the trace ratio problem and propose a new efficient
algorithm to find the optimal solution. Based on the proposed algorithm, we are able to derive an
orthogonal constrained semi-supervised learning framework. The new algorithm incorporates unla-
beled data into training procedure so that it is able to preserve the discriminative structure as well as
geometrical structure embedded in the original dataset. Under such a framework, many existing semi-
supervised dimensionality reduction methods such as SDA, Lap-LDA, SSDR, SSMMC, can be improved
using our proposed framework, which can also be used to formulate a corresponding kernel framework
for handling nonlinear problems. Theoretical analysis indicates that there are certain relationships
between linear and nonlinear methods. Finally, extensive simulations on synthetic dataset and real
world dataset are presented to show the effectiveness of our algorithms. The results demonstrate that

our proposed algorithm can achieve great superiority to other state-of-art algorithms.

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

Dealing with high-dimensional data has always been a major
problem for pattern recognition and machine learning. Typical
applications involving high-dimensional data include face recog-
nition, document categorization and image retrieval. Finding a
low-dimensional representation of high-dimensional space,
namely dimensionality reduction is thus of great practical impor-
tance. The goal of dimensionality reduction is to reduce the
complexity of the original space and embed high-dimensional
space into a low-dimensional space while keeping most of the
desired intrinsic information [1,2]. The desired information can be
discriminative [11,12,15-17], geometrical [1,2,13,14,46] or both
discriminative and geometrical [19-23]. Among all the dimen-
sionality reduction methods, Linear Discriminant Analysis (LDA)
[11,12] is the most popular method and has been widely used in
many classification applications. The goal of LDA is to find the
optimal low-dimensional presentation to the original dataset by
maximizing between-class scatter matrix S, while minimizing
within-class scatter matrix S,,. The original formulation of LDA,
known as Fisher LDA [11], can only deal with binary-class
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classification. When solving multi-class classification problem,
the basic LDA has to be extended using two main criterions
including ratio trace criterion maxy, Tr[(W'S,W)~'(W'S,,W)] and
trace ratio criterion maxr,, _ ;(Tr(W'S,W)/(TrH(W'S,,W))).

In ratio trace or determinant ratio LDA, it is assumed that the
within-class scatter matrix is nonsingular. Finding the optimal
projection can be solved by generalized eigen-value decomposi-
tion (GEVD) [35]. However, trace ratio LDA may confront ill-posed
problem when the number of data points is smaller than that of
the features [34,44,45]. Several variants of ratio trace LDA are
proposed to solve this problem such as null-space LDA [25],
uncorrelated LDA [26], LDA/GSVD [27], Discriminative Common
Vectors [28]. Another widely used criterion of LDA is the trace
ratio criterion. Different from the former one, the trace ratio
criterion can directly reflect Euclidean distances between data
points of inter and intra classes. In addition, the optimal projec-
tion obtained by trace ratio LDA is orthogonal, while the one
obtained by ratio trace LDA is non-orthogonal. Recently, there has
been increasing interest in the issue of finding orthogonal
projection for dimensionality reduction methods [29-31]. As
described in [4], when evaluating the similarities between data
points based on Euclidean distance, the non-orthogonal projec-
tion may put different weights on different projection directions
thus changing the similarities, while for orthogonal projection,
such similarities can be preserved. Thus trace ratio LDA tends
to perform empirically better than ratio trace LDA in many
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classification problems. In this paper, we will focus on trace ratio
LDA. For convenience, in this paper we denote it as TR-LDA.
Solving trace ratio problem of LDA directly has always been a
problem, because there is no close-form solution [7]. Several
attempts have been proposed to find the optimal solution [3-8].
Guo et al. [3] has pointed out that the original TR problem can be
converted to an equivalent trace difference problem, which can be
solved by a heuristic bisection method. Recently, Wang et al. [4]
has proposed another efficient algorithm, called ITR algorithm to
find the optimal solution based on an iterative procedure, which
is faster than the former one. In this paper, we further analyze ITR
algorithm, and discuss the drawbacks of its training strategy. We
then propose a new efficient algorithm, called ITR-Score algo-
rithm, to improve the original ITR algorithm. The proposed
algorithm can be viewed as a greedy strategy to find the optimum
of TR problem. Hence it is more efficient than the previous ones.
In general, the TR-LDA is supervised, which means it requires
labeled information. Although TR-LDA works pretty well [3,4], it
needs considerable number of labeled data in order to be able to
deliver satisfactory results. But in many practical cases, obtaining
sufficient number of labeled data for training can be problematic
because labeling large number of data is time-consuming and costly.
On the other hand, unlabeled data may be abundant and can easily
be obtained in the real world. Thus, using semi-supervised learning
methods [19-24,47], which incorporate both labeled and unlabeled
data into learning procedure, has become an effective option instead
of only relying on supervised learning. In this paper, we will propose
an orthogonal constrained framework for semi-supervised learning.
Under such a framework, the TR-LDA can be extended to its
corresponding semi-supervised version called trace ratio based
semi-supervised discriminant analysis (TR-SDA). Furthermore,
through analyzing the relationship between supervised and semi-
supervised TR problems, we show that the proposed ITR-Score
algorithm can be extended to solve semi-supervised TR problem.
The main contributions of this paper are summarized as follows:

(1) As an extended algorithm of TR-LDA, the proposed TR-SDA can
find an optimal low-dimensional projection by preserving the
discriminative information embedded in the labeled set as
well as the geometric information embedded in both labeled
and unlabeled set. Also similar to TR-LDA, the optimal projec-
tion obtained by TR-SDA is orthogonal that can preserve the
similarity between data points without any change if it is
based on Euclidean distance.

(2) We propose a new method called ITR-Score algorithm to solve
supervised and semi-supervised TR problem. By improving
the original ITR algorithm both from the initialization and
training strategy, the proposed method can converge faster.
This indicates that ITR-Score algorithm is more efficient than
the ITR algorithm.

(3) We propose an orthogonal constrained framework for semi-
supervised learning. Under such a framework, the TR-SDA
algorithm can be related to several existing semi-supervised
algorithms such as SDA [19], Lap-LDA [21], SSMMC [22], SSDR
[20]. In short, our algorithm can be viewed as an improved or
extended method to these algorithms.

(4) The proposed TR-SDA can easily be extended to a nonlinear
version using Kernel trick [32,33]. In this paper, we restrict
the nonlinear projection to be in an orthogonal basis of high-
dimensional Hilbert space. We then perform linear dimen-
sionality reduction based on such basis. Finally, we connect
TR-LDA, TR-SDA and their corresponding kernel versions in a
unified form.

The rest of this paper is organized as follows: In Section 2, we
briefly describe the basic idea of LDA and TR-LDA. We then review

the previews work for solving TR problem and propose our
improved method. In Section 3, we propose an orthogonal con-
strained framework for semi-supervised learning. We extend TR-
LDA to its corresponding semi-supervised version TR-SDA. In
Section 4, we extend our algorithm for solving nonlinear problem
using kernel trick. The simulation results are presented in Section
5 and the conclusions are drawn in Section 6.

2. Review of Linear Discriminant Analysis
2.1. Trace ratio problem

In this section, we first review the basic idea of Linear Discrimi-
nant Analysis. The goal of LDA is to find a linear transformation
matrix WeRP>*9 for which the between-class scatter matrix is
maximized, while the within-class scatter matrix is minimized. Let
X = {X1,X2,.. .} € R°*! be the training set, each x; belongs to a class
¢i={1,2,...,c}. Let |; be the number of data points in ith class, | be the
number of data points in all classes, we define the between-class
scatter matrix Sp, within-class scatter matrix S,, and total-class
scatter matrix S; as

So=">_ li—y—w"

i=1

Sw= D > @i—pe)xi—pe)"

i=1X€C

1
Se= Y (xi—pxi—p" (1)

i=1
where 1;=1/l;> xiccX: is the mean of data points in the ith class,

wi=1/1 Zf _1 X; is the mean of data points in all classes. The original
formulation of LDA, called Fisher LDA [11] can only deal with binary
classification. Two optimization criterions can be used to extend
Fisher LDA to solving multi-class classification problem. For the first
criterion, the optimization of LDA can be given by

W* = argmaxy Tr(W'S,, W)~ 1 (WTS,W)). 2)

For the convenience to distinguish the trace ratio problem
introduced in later section, we call the above optimization ratio
trace problem. If we assume S,, is nonsingular, the optimization
problem in Eq. (2) can be solved by generalized eigen-value
decomposition (GEVD) as [34]

SpWy = T SwWy 3)

where wieR? is the eigenvector corresponding to the kth largest
eigenvalue 7. We then form W* by the top w;. Finally, the original
high-dimensional set X can be projected into a low-dimensional
set YeR?*! by Y=W*TX.

Another reasonable optimization criterion of LDA is to max-
imize Tr(W'S,W), while minimizing Tr(W'S,W). The optimization
problem can be given by

W* = argmax,ry, _ (Tr(W'S,W)/Tr(W'Ss,,W)). @)

We call the above problem trace ratio problem. Compared
with ratio trace problem in Eq. (2), solving TR problem can deliver
an empirically better discriminative projection when the classifi-
cation problem is based on Euclidean distance, as both Tr(W'S, W)
and Tr(W'S,W) directly reflect the Euclidean distances between
data points of inter and intra classes. In addition, the optimal
projection obtained by TR problem is orthogonal, so the similarity
between data points can be preserved without any change [4].

But solving the TR problem has never been a straightforward
issue, because it does not have a closed-form solution [7]. Thus,
instead of dealing with TR problem directly, many works tend to
solve an equivalent trace difference problem [3-7]. Let A* be the
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optimal trace ratio value satisfying

¥ =maxyry _ (Tr(WTS,W)/Tr(WTs, W)). (5)
According to Guo et al. [3], it follows:

maxy,ry, _  TrIW' (Sp—2*Sw)W]=0. (6)

Thus, inspired by Eq. (6), we cite the theorem in [3] without
proof as

Theorem 1. TR problem can be solved equivalent to find the zero
point of the trace difference function defined as

g(A) =maxyry _  TrWT(Sp—iSw)W] (7

i.e., to solve a trace difference equation g(A*)=0, which is called
trace difference problem. The optimal projection matrix W* can
then be calculated by

W* = argmax,ry, _ TrW'(Sp—2*Sw)W]. 8)

2.2. Efficient algorithm for solving TR problem

2.2.1. Previous work

In this section, we first review some previous work for solving
TR problem. Recently, there are several methods proposed to deal
with the problem [3-8]. Guo et al. [3] has solved the trace
difference problem using the notion of Foley-Sammon transform.
The basic steps of the algorithm are

Initialize 4, and 2, satisfying g(4:) > 0 > g(15).

Compute /=(41+42)/2 and g(A).

If flA)> 0, letd;=/, else let A,=/.

Iterate the steps (2) and (3) until convergence, the optimal
matrix W* is formed by the d eigenvectors of S,—A*S,
corresponding to the d largest eigenvalues.

~— — — —

(1
(2
(3
(4

It is easy to recognize that Guo et al. is equivalent to the
heuristic bisection method to find the zero point of trace differ-
ence function [7]. Xiang et al. [6] has improved this method by
determining a lower bound and an upper bound for A*. The binary
search can be efficiently achieved when A; and A, are well
initialized.

Wang et al. [4] has proposed a more efficient method, called
ITR algorithm, to solve the TR problem. The basic steps of the
algorithm are

(1) Initialize the projection matrix Wy as an arbitrary column-
orthogonal matrix.

(2) Compute the trace ratio value 4= Tr(W'S,W)/Tr(W's, W).

(3) Update W = argmaxry, _ , TrIW' (Sp—2Sw)W].

(4) Iterate the steps (2) and (3) until convergence. The optimal
matrix W* is formed by the d eigenvectors of S,—A*S,,
corresponding to the d largest eigenvalues.

The ITR algorithm is proved empirically efficient than the
former algorithm [4]. A more theoretical discussion can be seen
in the work of Jia et al. [5]. According to Jia et al., the ITR algorithm
is equivalent to the naive Newton-Raphson method for solving TR
problem. Due to the nature of the Newton-Raphson method, it is
generally faster than the simple bisection method in [3].

2.2.2. A more efficient algorithm

Though ITR algorithm works well for solving TR problem, it has
its drawbacks. First, the initialized orthogonal matrix Wy is
arbitrary and hard to choose. In some cases when Wy is well
chosen, the algorithm is able to converge relatively faster, while

in most cases, inappropriate Wy dramatically increases the
number of iterations. On the other hand, initializing 1o seems
much easier for any /o satisfying g(1o) > 0. Thus, similar to the
work in [3], we can initialize the trace ratio value Aq instead of the
projection matrix Wy. Furthermore, since a proper initialized
value can speed up the training procedure, we need to determine
a lower bound of 2* as 4o. We have the following Theorem 2:

Theorem 2. The lower bound of A* can be given by Tr(Sp)/Tr(Sw).

The proof of Theorem 2 is given in Appendix A. Therefore, in
practice we can set Ao=(Tr(Sp))/(Tr(Sy)) for initialization. Second,
the method of ITR algorithm has chosen d eigenvectors corre-
sponding to the d largest eigenvalues of S,—A1*S,, to form W*
maximizing the trace difference value Tr{W'(S,—A*S,)W]. But
these top eigenvectors cannot maximize the trace ratio value
(Tr(WTS,W))/(Tr(W'S,,W)). Thus, we need to find better choices
of d eigenvectors satisfying max[(Tr(WTS,W))/(Tr(WTS, W))].
Motivated by all these issues, we propose an improved ITR
algorithm, called ITR-Score algorithm in this paper, to solve the
problem. For all the eigenvectors of S,—A*S,, our algorithm
computes a score S; =(wiTSbwi)/(w,TSWw,») for each of eigenvector
w;. We then choose d eigenvectors having the largest scores to
form the optimal matrix W*. The basic steps of the proposed
algorithm are in Table 1.

One may easily note that the main difference between ITR
algorithm and the proposed ITR-Score algorithm is in Step 3-4
which are about choosing d eigenvectors of S, — 4.S,, to update W,.
The method of ITR algorithm has chosen d eigenvectors corre-
sponding to the largest eigenvalues of S, — 4,S,, to form W,. But the
renewed W; are not necessarily formed by these top eigenvectors
as they may not be able to maximize (Tr(W!S,W,))/(Tr(W'S, W,)).
On the other hand, the proposed ITR-Score algorithm has chosen d
eigenvectors having the largest scores of s; = (wiTSbw,») /(wiTSWwi) to
form W,. This procedures can be viewed as a greedy algorithm that
optimizes max s 1(W] Syw;,) /(W] Sww;,), which is an approxima-
tion to

d T
k=1 WikaW,'k
max

¢ d T =
B2 k=1 Wi SwWi,

Tr(WTs,w)

, 10
Tr(W's,, W) (10)

where i={iy,is,...,ig} is a certain permutation chosen from
{1,2,...,D}. Hence for any initial A, < 2% the updated 4., ; proposed
in our algorithm is usually greater than that in the ITR algorithm,
which indicates that our ITR-Score algorithm is more efficient than
the ITR algorithm. But in practice, it may also confront with the
situation that the updated A,,; of our ITR-Score algorithm is
smaller than that of ITR algorithm, especially when the iterative
process is close to the convergence. Hence in this case, a feasible
solution is to update ., by choosing the larger one. This can
guarantee that the updated trace ratio value is always no smaller
than that of ITR algorithm.

2.2.3. Convergence analysis
We next analyze the convergence of our ITR-Score algorithm. It
has been rigorously proved that for any initial 4, < 2%, the updated

Table 1
ITR-Score algorithm for solving trace ratio problem.

(1) Initialize Ao = Tr(Sp)/Tr(Sw).

(2) Compute the eigen-decomposition of S,—4,S,, as (Sp— A:Sw)W;=T;W;, where
wy(i=1,2,...,D) is the eigenvector of S,— A4Sy,

(3) Compute the score s; = (W!'S,w;)/(W! Swyw;) for each of eigenvector w;.

(4) Choose the top d eigenvectors w; having the d largest scores s; to form W,.

(5) Update 4,1 = (Tr(W!SyW)/(Tr(W! S W, +aly)).

(6) Iterate the steps (2-5) until |4, — 4| <e&. Output W*.
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MR, of ITR algorithm is larger than 2, [4,24]. We next prove that
for ITR-Score algorithm, the updated A,,, satisfies (1) A;41 >
)ftTfl > ¢ and (2) Ar11 < A% which indicates that the ITR-Score
algorithm can converge to the global optimum.

The first inequality is straightforward as analyzed in the last
paragraph of Section 2.2.2. Hence we only prove the second
inequality.

Since A1 = (Tr(WTS,W) /(Tr(WTS, W), we have Tr
(WISyWo)— 2 A Tr(WISWy) = Tr(W! (Sp—Ac 4 1Sw)We) = 0. Accord-
ing to the definition of trace difference function, ie. g(l)=
max,ry, _ TrIW(Sy—ASw)W], it follows

8¢ 1) =maxyry _  TrWT (Sp—2¢ 1 1Sw)W)
> Tr(W{(Sp—2¢+1Sw)W) =0.

This indicates that g(/¢, 1) > 0. In addition, according to Theorem
1, it follows g(1*)=Tr(W*T(S,—2*S,)W*)=0, where W* is its
optimal projection matrix. We thus have

205 =0=Tr(W*T(Sy—*Su)W*) = Tr(WT(Sy—1*Sw)Wy)
=80 1)+ ey 1= TI(W{S,Wo).

To satisfy this inequality, i.e. g(2¢,1)+(Ary1—A)TH(WIS,W;) <0,
we can only have 4,1 —A*<0 as g(/IQH) >0 and Tr(WtTSWWt) >0
(Sw is semi-positive definite). Therefore, we prove 4,,1 < 1"

2.2.4. Singularity case

In the above algorithm, it assumes S,, is nonsingular. Otherwise,
if W is in the null space of S, i.e. W'S,,W=0, the trace ratio value
Tr(WTS,W)/Tr(WTS, W) can go infinite. This is the so called
singularity problem and can often occur when the null space of
Sw has dimensionality d’ larger than d (the reduced dimensionality)
[5,6]. This is because for d’ > d, the d column vectors of W can all lie
in the null space of S,, hence causing Tr(W'S,,W)=0. To solve this
problem, Xiang et al. [6] and Jia et al. [5] choose to find the optimal
solution by maximizing T{W'S,W) in the null space of S,, as

W* = argmaxyrg , _ o Tr(W'S,W) or
W* = argmaxyrg , _ o Tr(W'S;W).

One may easily find that the above algorithm is similar to that
of null space LDA (NLDA) [25] or Discriminative Common Vectors
(DCV) [28]. Hence the work in Xiang et al. [6] and Jia et al. [5] solve
TR problem in two cases: for d < d’, using the algorithm of NLDA (or
DCV), for d > d', using the algorithm in the previous work [3,4].

In this paper, we solve singularity problem by adding a
regularization term to the objective function of TR problem

W* = argmaxy,ry, _ (Tr(WTS,W) /(Tr(W' S, W + al)))

where ol € R™? is a multiply of identity matrix. From the above
equation, we can see that no matter whether W is in the null space
of S, it always holds TH{W'S,,W+al,)> 0. Hence the singularity
problem can be solved. In addition, if W* converges to the null
space of S,, ie. W'S,W=0 and Tr(W'S,W+uals)=ad, then it
follows W* =argmaxWTSWW=0Tr(WTSbW). This indicates that for
singularity case, the optimal solution of TR-LDA is equivalent to
that of NLDA (or DCV). But our algorithm is more efficient as it does
not need to consider the cases of d <d’ and d > d'.

3. Trace ratio based semi-supervised dimensionality
reduction

3.1. Orthogonal constrained semi-supervised learning framework
The algorithms to solve TR problem are all supervised. In order

to use unlabeled data points to achieve satisfactory results, there
are many works incorporating both labeled and unlabeled set into

learning procedure [19-23]. In this paper, we first introduce a
semi-supervised learning framework. Denote X = {X',X"} repre-
senting the whole dataset, X' = {x;}!_, is the labeled set corre-
sponding with the labeled matrix Y = {y;}! _; and X" = {x;}}*4 is
the unlabeled set, the framework can be given as

f*=argminV'XLH) +yVHXE L 1
f

where V! and V* are certain cost functions corresponding to the
labeled and unlabeled set, f = [f(x;), - - - f(x;..,)]"is an output space
associated with a basis, which can be represented either by
Euclidean space f=W’X or Reproducing Kernel Hilbert Space
fx= f;”l o;iK(x;,x) [32,33], y is a parameter control the tradeoff
between two cost functions.

The goal of minimizing the labeled cost function V' is to find an
optimal output space f* to preserve the discriminative structure
embedded in a low-dimensional set. Specifically, after performing
dimensionality reduction under such cost function, it is our
objective that the distance between data points in the same class
is close, while those in different classes are far apart. Furthermore,
when dealing with dimensionality reduction problems, we often
use a matrix with pairwise form to describe the distance relation-
ship between data points regarding whether they are close or far
apart [14]. Therefore, based on the notation of matrix with
pairwise form, we give the labeled cost function V' as

1. [
v{X'f} = zmin (Z clfx—Fe)| > +2

1
ij=1 ij=1

cfﬂf(xo—f(xmz)
(12)

where C? = {cg} and C = {ij} are the cost matrixes penalizing the
pairwise distances for any two data points of inter and intra class,

!
respectively. Let D"l:{dff}i:1 and DS:{dfi}é:1 be the diagonal

matrixes satisfying dfj=3"_;cf and dj=Y)_,cj, the cost
function in Eq. (12) can then be rewritten as
VIXLf) = min Tr( L+, (13)

where L9 = D9 and L* = D°—C®. In addition, if we regard C? or C°
as a weight matrix of a graph, L? or L* can be viewed as a graph
Laplacian matrix in spectral graph theory [36].

On the other hand, the unlabeled cost function V* is optimized
to best preserve the geometric structure of dataset. Assuming this
geometric structure is smoothly embedded in a low-dimensional
manifold, it can be approximated using the graph Laplacian
associated with both labeled and unlabeled set [14]. Let G=(V,E)
denotes the above graph, where V is vertex set of the graph
representing both labeled and unlabeled samples, and E is edge
set containing the neighborhood information between two nearby
data points. Let C* be the corresponding weight matrix of E, a
nature method for defining the weight matrix is using Gaussian
function

(14)

o exp(—(Ilx;—x;1%)/0?) if x; € Ny(x;) or x; € Ny(x))
70 otherwise

where Ni(x;) denotes the k nearest neighborhood set of x;. The
unlabeled cost function V* can then be written as

1 i l+u P i
VIX"f) = 5 min __Zl cjlfxp—fe)|* = min Tr( L), 15)
ij=
If we only consider the linear embedded space f=WX (an
efficient nonlinear extension based on reproducing kernel Hilbert
space is discussed in Section 4) and impose the projection matrix
W with an orthogonal constraint, the total cost function can be
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written as

minyry, _ TrW XLIXT +2XEXT +pX LX) W], (16)

3.2. Semi-supervised trace ratio problem

The above framework in Eq. (16) has motivated us to extend
the TR problem to its corresponding semi-supervised version. To
establish the relationship between framework and TR problem,
we first rewrite between-class scatter matrix and within-class
scatter matrix using pairwise form. Let ¢! and C* be defined

=

i —1 x; and x; belongs to the same class
Cij 1 therwi
—1  otherwise

_ llI x; and x; belongs to the same class 17)
Y710 otherwise '
According to He et al. [13], we have
I
% 3 Wix-WTx|> = TrWTXLIXW) = ~Tr(W's,w)
ij=1
I
% 3 | Wixi—WTx |1 = Trow XIXTW) = Tr(W's, W). (18)

ij=1

By putting Eq. (18) into Eq. (13) and let f=W'X, one may easily
find the labeled cost function V'=miny[-Tr(W'S,W)+ATr
(WTS, W) = maxy Tr(WTS,W—ATr(W'S,,W)], which is exactly
the trace difference function of TR problem. For convenience, we
denote Ly, Ly, Ly, as the graph Laplacian matrix of between-class
scatter matrix, within-class scatter matrix and manifold matrix,
respectively. Let y=A4, and Ly =LY, L,,=L% and L,,,=L", where 4 rs
and [* are defined in Eq. (17) and (14), the semi-supervised trace
ratio problem can be written as

W* = arg,,ry, _ minW (—XLX" + 25 (XLw X" + AmXLuX" )W, (19)

The corresponding semi-supervised version of trace ratio
function and trace difference function can be given by

T T
W* = argmax,r, _, TTr(W TXL"X ) T (20)
I TrWT XLwX" 4 A XL X" )W)
g(A) =maxyry _  TrIWT (XLyX—AXLwX + AmXLinXT)W]. 1)

One may easily find for semi-supervised TR problem, an extra
manifold matrix 2,,X'L,»X is added to the original object function
in the TR problem. The manifold matrix can be positive semi-
definite due to the graph Laplacian property. Thus, we can simply
use the proposed ITR-Score algorithm to solving semi-surprised TR
problem by replacing XL,,X with XL,X+ 4,,XL..X". The basic steps
of ITR-Score algorithm for solving semi-supervised TR problem are
in Table 2.

Table 2
ITR-Score algorithm for solving semi-supervised trace ratio problem.

(1) Initialize /o = (Tr(XLyX"))/(Tr(XLwX" + /nXLmnX")).

(2) compute the eigen-decomposition of XL, X" —2;(XLwX" + AmXLnX") as
XLpXT = 2e(XLwX" + AmXLinX"yw; = 7;w;, where wy(i=1,2,...,D) is the
eigenvector of XL,X" —2;(XLyX" + XL XT).

(3) Compute the score s; = W!'S,w;)/(W!'Syw;) corresponding to each
eigenvector w;.

(4) Choose the top d eigenvectors w; having the d largest scores s; to form W,.

(5) Update ;1 = (Tr(WTXLyX" W) /(Tr(WT (XLwX" + 2 XLinXT )W, +atly)).

(6) Iterate the steps (2-5) until |4, — 4| <e&. Output W*.

4. Kernelization

The proposed TR-SDA is a linear algorithm. In this section, we
will extend it to solve the nonlinear problem using kernel trick
[32,33]. For convenience, we denote the kernel version of TR-SDA
as TR-KSDA.

The basic idea of the kernel trick is to map the original data
space to a high-dimensional Hilbert space given by ¢:X—F, then
perform linear dimensionality reduction on the new space. Let
dX)={p(x1),p(x2),...,¢(x; )} be such high-dimensional space,
we assume the map can be implicitly implemented in a kernel
function K(x;X;)=¢(x;)"¢(x;). The goal of TR-KSDA is to find an
optimal projection W%* e R¥*(+¥ satisfying

Tr(W?T p(X)Lyp(X)' W?)
Tywd — | Tr(W‘/’T¢(X)(Lb +Lm)<75(X)TW‘/’) .

W?* = argmax,, (22)

Note ¢(X) is not available as it is only implicit. Thus we cannot
directly solve the problem in Eq. (22). In order to compute the
optimal projection W**, we can add some restricts to W, making
the solution to the problem in Eq. (22) available. Supposing the
QR decomposition of ¢(X) is ¢(X)=QR, where R is an upper
triangular matrix, and Q is an orthogonal matrix satisfying Q"Q=I.
Then, we have

dX)'pX)=R'R=K 23)

which indicates that R'R can be viewed as Cholesky decomposi-
tion factorization of K. Furthermore, since Q is now an orthogonal
basis of ¢(X), assuming W* is mapped into the span of Q, we then
have W? = QV?, where V¢ e R¥*(*+™ is an orthogonal matrix with
the columns satisfying V¢TV® =1. Thus, the original object func-
tion in Eq. (22) can be rewritten as

Tr(V¢TRL,RTV?)

V= arg max .
5 Tr(V*TR(Ly +Lm)RTV?)

V(/)T V(/) =1

24

The output data points in the reduced space can be given by
YO =W 0 =V*'QTQR= (V™R (25)

The basic steps of using ITR-Score algorithm to solve TR-KSDA
are shown in Table 3.

Recalling the objective function of TR-SDA in Eq. (20), it is
noticed that it has the same form as TR-KSDA in Eq. (24). If we
rewrite the objective function of TR-LDA, TR-SDA and their
corresponding kernel version in the form of V*=argmaxr, _,
((Tr(VTRM1RTV)) /(Tr(VTRM,RTV))), these different algorithms can
be connected according to different choices of matrix M; and R in
Table 4.

Table 3
ITR-Score algorithm for solving TR-KSDA.

(1) Perform Cholesky decomposition to the kernel matrix K=R'R.

(2) Initialize Ao = (Tr(RLyR")) /(Tr(RLwR" + AmRLiR"))

(3) compute the eigen-decomposition of RL,R" —;(RLwR" +AnRLR") as
(RLR" = A¢(RLwR" + 2mRLmRT? = 7,v¢, where v (i=1,2,...,D) is the
eigenvector of RL,RT — 2 (RLyR" + AmRLyR").

(4) Compute the score s; = (Uf’TSbv;/’)/(vf’TSWv?) corresponding to each
eigenvector v?.

(5) Choose the top d eigenvectors vlf/’ having the d largest scores s; to form V?.

(6) Update 4,1 = (Tr(VTRLRTV)) /(Tr (VT (RLyRT + /mnRLnRT VY +tly)).

(7) Iterate the steps (2-5) until |4, 1 — 4| <. Output W** = (V**)'R.




M. Zhao et al. / Pattern Recognition 45 (2012) 1482-1499 1487

Table 4
Connection between TR-LDA, TR-SDA, TR-KLDA and TR-KSDA.

Method Matrix M, Matrix M, Matrix R Output Y
TR-LDA Ly Ly X Y=VTx
TR-SDA Ly Ly+Lm X Y=V"Tx
TR-KLDA Ly Ly RTR=K(Chol.) Y=VR
TR-KSDA Ly Ly+Ln R'R=K(Chol.) Y=V"R

5. Related work

In the paper, we propose a semi-supervised version of TR-LDA.
It is to the best of our knowledge that there are several recently
proposed semi-supervised dimensionality reduction methods
using the same objectives of this paper [19-22]. By analyzing
the strategy and mechanism of these algorithms, we show that
our proposed algorithm is, in fact, an improved or extended
method among these algorithms.

5.1. Relation to SDA [19], Lap-LDA [21] and SS-CCA [23]

The method of SDA algorithm [19] can be viewed as adding a
manifold regularization term to the original objective function of
Regularized LDA. The objective function of SDA is

] WTXL,XTW ‘

J(W) = maxw (26)

‘ W (XLX + 21 XLnXT + 7 I)W‘

where [ is Tikhonov regularization term choosing an identity
matrix for imposing the smoothes of possible solution, 4; are the
parameters balanced the tradeoff of two regularization terms.
Lap-LDA [21] is another semi-supervised dimensionality reduc-
tion method with the objective function given as

minWHY—XTWHijLAl Tr(WTXLnXTW) + o Tr(WTW). 27)

Note that Lap-LDA is proposed under a least square framework.
Considering the relationship between LDA and multivariate linear
regression with certain class indicator matrix [10], Lap-LDA can be
viewed equivalent to SDA. The solution of SDA and Lap-LDA can
then be obtained by solving generalized eigen-value decomposi-
tion problem (GEVD) as

XLpX Wy = T(XLwX + A1 XLinXT + Joywy,

where w;, e RY is the eigenvector corresponding to the kth largest
eigenvalue t,, note /=0 for Lap-LDA as it has no Tikhonov
regularization term.

We next build the relationship between SDA (or Lap-LDA) and TR-
SDA. Actually, as described in [24], given an uncorrelated constraint,
the objective function of LDA can be rewritten in a form of trace ratio
criterion max,yrg , _ (Tr(W'S,W))/(Tr(W'S,,W))). Here, we extend
this form to a semi-supervised vision as

maXy,r, i xrsow — ((TTOW SyW/(TTWT S+ 2mX T LuX)W)).
(26)

Since S,=S,,+Sp, the objective function in Eq. (26) can be
rewritten as maXy,r, | ; 7 xyw — ,Tr(W'S,W) and the optimal
solution can be obtained by solving GEVD of S,W=1,(S;+
JmXLXT)W, which is equivalent to that of SDA. Hence from Egs.
(26) and (20), we can observe that the main difference between
SDA (or Lap-LDA) and TR-SDA is whether the objective function is
based on uncorrelated constraint or orthogonal constraint. When
the classification problem is based on Euclidean Distance, our
proposed TR-SDA algorithm is superior to SDA as elaborated in the
analysis of Section 2. Another semi-supervised method having the

similar thought is SS-CCA [23]. Given a certain class indicator
matrix [18], SS-CCA can be equivalent to SDA. Thus our proposed
TR-SDA is also superior to SS-CCA.

5.2. Relation to SSMMC [22] and MMC [15]

Other semi-supervised and supervised learning algorithms
sharing the same concept include SSMMC [22] and MMC [15].
The basic objective function of SSMMC is

JW) = maxyry, _ TrW (XLX"— 24 XLuX— 72 XLnX )W, @27

We can observe that there is a great similarity between
Eq. (27) and our proposed semi-supervised trace difference
function in Eq. (21). But according to the work in [22], /; is
empirically selected and adjusted by a 5-fold cross validation.
This can be arbitrary time-consuming. On the other hand, by
adjusting A, slightly in Eq. (20) so that Tr(XL,X") and Tr(XL,X")
are in the same level, the optimal trace ratio value A* and the
projection matrix W* can be found using an iterative procedure.
Thus our algorithm can be seen as a parameter-adaptive algo-
rithm finding the optimal solution; this is a great improvement to
SSMMC. In addition, by fixing A;=1 and 1,=0, the objective
function in Eq. (27) is equivalent to that of MMC [15]

JW) =max,r, _ TrWT(XL,XT XLy X)W]. (28)

We can observe that MMC can be seen as an approximated
solution to the TR problem with A*=1. Since MMC cannot
preserve the geometric structure (it has no manifold terms), our
algorithm is superior to it.

5.3. Relation to SSDR [20]

Zhang et al. have proposed another semi-supervised dimen-
sionality reduction, called SSDR [20] using a must-link and
cannot-link constraints. Though it is different from our algorithm
as it is based on pairwise constraints instead of the labeled
information directly, it can be covered into our framework. Let
C and M be the sets of cannot-links must-links, respectively, the
objective function of SSDR can be formulated as

Yo Iwi-wix|?
(xi,x)) € C

J(W)—WIP;X,[W%”W Xi= Wi [ 5

B T T, |2
oy, > Whki—Wik| (28)

Xi,Xj) € M
where nc and ny, are the number of cannot-links and must-links, o
and f are two parameter balanced the tradeoff of two terms.
Recalling the framework in Eq. (21), let
o —(ae/nc) if x; and x; belong to different classes
v 0 otherwise
o o/ny if x; and x; belong to the same class
i o0 otherwise
ci=—(1/n?) for all data set.

The algorithm can be equivalent to SSDR.

6. Simulations and results

We will evaluate our algorithms with several synthetic datasets
and real world datasets. For synthetic datasets, we use 2d Gaussian
dataset to show the discriminative boundary learned by our
algorithm and a 3d Gaussian dataset to visualize the output set
in a 2d reduced space. We also use a two-moon dataset to deal



1488

with nonlinear classification problem and show the discriminative
boundary learned by our algorithm. In addition, we demonstrate
visualization and classification problem on four real world datasets
including the UMIST dataset [37], ORL dataset [38], USPS dataset
[39] and MNIST dataset [40]. We also compare the performance of
our proposed algorithms with other state-of-art algorithms.
6.1. Toy examples for synthetic dataset

Three toy examples based on 2d Gaussian dataset, 3d Gaussian
dataset and two moon dataset are studied. In the first toy example,
we generated a 2d dataset with two classes, each of which follows
a Gaussian distribution. In this dataset, we randomly selected two
data points per class as labeled set and the remaining as unlabeled
set. Fig. 1 shows the boundary obtained by LDA, SDA, TR-LDA and

Unlabeled
£y +  Unlabeled
% +  Labeled'+
. *  Labeledx’
TR-SDA
L4 — —TRLDA
) ==:=:= SDA
i we M mFy e LDA
b}
. -

Fig. 1. Boundary obtained by LDA, SDA, TR-LDA and TR-SDA: 2d Gaussian dataset.
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TR-SDA. The results show that both SDA and TR-SDA are superior to
LDA and TR-LDA, as the boundaries learned by SDA and TR-SDA can
directly divide the data points into two classes, while for LDA and
TR-SDA, some of data points may be divided into false class. The
improved performance of our proposed algorithm show they are
able to improve LDA and TR-LDA by incorporating both labeled and
unlabeled set to preserve the geometrical structure of dataset. In
addition, TR-SDA performs better than SDA. This enhanced perfor-
mance is believed to be due to the fact that optimal projection
obtained by TR-SDA is orthogonal, which results in preserving the
similarities (Euclidean distance) between data points. In contrast,
SDA may change such similarities as the optimal projection of SDA
is not required to be orthogonal, When evaluating the similarities
(Euclidean distance) between data points, it may put different
weights on different projection directs.

In the second toy example, we generated a 3d dataset with two
classes, each of which are Gaussian distributed. In each class, two
data points were selected as labeled set and the remaining as
unlabeled set. We used SDA and TR-SDA to perform dimension-
ality reduction. Fig. 2 shows the output set in the reduced 2d
space of SDA and TR-SDA. It shows that our proposed TR-SDA is
superior to SDA. In Fig. 2c, it is clear that in the reduced space the
data points in a class are pulled together, while the data points in
different classes appear to be far apart. In contrast, Fig. 2b shows
that SDA is unable to deliver a clear class boundary.

In the third toy example, we generated another dataset with two
classes, each of which follows a half-moon distribution. In each class,
two data points were selected as labels set and the remaining as
unlabeled set. Since the distribution of the two moon dataset is non-
Gaussian, we only performed KSDA and TR-KSDA for dimensionality
reduction. Fig. 3 shows the gray images of reduced space learned by
KSDA and TR-KSDA. The value of each pixel in the images represents

a b c
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Fig. 2. Output set in the reduced 2d space of SDA and TR-SDA: 3d Gaussian dataset (a) original set, (b) output set of SDA and (c) output set of TR-SDA.
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Fig. 3. Gray image of reduced space learned by KSDA and TR-KSDA: two moon dataset (a) KSDA and (b) TR-KSDA.
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the distance difference from a pixel to its nearest labeled data points
after dimensionality reduction by KSDA and TR-KSDA. In this exam-
ple, we set the dimensionality of projection as 1. From Fig. 3a and b,
we can see both KSDA and TR-KSDA can obtain a desired classification
boundary indicating that the two algorithms can deal with nonlinear
problems. Our proposed TR-SDA can deliver slightly better perfor-
mance than SDA. The sketch of two half-moon learned by TR-KSDA is
smoother and clearer than that learned by KSDA.

6.2. Sub-manifold visualization

We demonstrate the sub-manifold visualization of our pro-
posed TR-SDA algorithm and compare it with PCA, LPP and SDA. In
this study, two real-world dataset including the UMIST face
dataset [37] and USPS handwritten digit dataset [39] are used.

In the UMIST face dataset, we selected five individuals to
illustrate the sub-manifolds of the dataset. For each individual,
we randomly selected four data points as labeled set and the
remaining as unlabeled set. Fig. 4 shows the 2d sub-manifolds
learned by PCA, LPP, SDA and TR-SDA. From the results in Fig. 4a
and b, we can see that in unsupervised method such as PCA and
LPP, the sub-manifold structure, i.e. the ordering of poses from
profile to frontal views, can be well preserved. LPP delivers
slightly better performance than PCA, as the manifold lines of
face poses are more smoothly preserved. This improved perfor-
mance is mainly due to the characteristics of LPP that local
information embedded in dataset is preserved. But we can also
see from Fig. 4a and b that the boundaries of sub-manifolds in
different classes are heavily overlapped and confused, which
means both PCA and LPP cannot preserve the discriminative
structure. On the other hand, from Fig. 4c and d, we can see by
providing discriminative information based on the labeled set,
SDA and TR-SDA are able to preserve the discriminative structure
as well as geometric structure. In Fig. 4d, it demonstrates that our
proposed TR-SDA algorithm is able to outperform SDA in a way

1489

that the sub-manifold of each individual is closely conglomerated,
while those belonging to different individuals are clearly sepa-
rated. Fig. 5 shows the sub-manifold of a typical class learned by
TR-SDA, which represents the face subset of one individual. From
Fig. 5 we can see that the poses of faces are turned from frontal
views to profile views along the red lines indicating TR-SDA can
smoothly preserve the sub-manifold of face subset. In contrast,
SDA cannot preserve the sub-manifold of each class satisfactory as
there are two classes seriously overlapped in Fig. 4c.

In the USPS handwritten digit dataset, we selected four digits
0-3 to illustrate the sub-manifolds of the dataset. For each digit,
we randomly selected fifty data points as labeled set and the
remaining as unlabeled set. Fig. 6 shows that the 2d sub-mani-
folds learned by PCA, LPP, SDA and TR-SDA. In Fig. 6 we can see
that the sub-manifolds learned by LPP, SDA and TR-SDA in
Figs. 6b-d are much better than those learned by PCA in Fig. 6a.
The local structures are smoothly preserved in LPP, SDA and
TR-SDA, while in PCA, these localities are mostly overlapped. This
indicates that the USPS dataset has lots of local information, hence
the local method (LPP) or other methods, which involve local
strategy (SDA, TR-SDA), can preserve such useful local informa-
tion. In contrast, the global method (PCA) clearly cannot preserve
the locality. In addition, the results in Fig. 6¢c and d show that the
boundary between different classes learned by SDA and TR-SDA
are more distinctive and less confused compared with PCA and
LPP as shown in Fig. 6a and b. This indicates that semi-supervised
methods such as SDA and TR-SDA can provide more discriminative
information than unsupervised method such as PCA and LPP. Our
proposed TR-SDA is superior to SDA, because the sub-manifolds of
different classes are more separated and less overlapped, while
the sub-manifold in each class are smoothly preserved. Fig. 7
further details the sub-manifold of digit O learned by TR-SDA.
From Fig. 7, we can see that different hand-writing styles of digit
0 are smoothly varied along a sub-manifold line (red line in Fig. 7)
indicating that TR-SDA can preserve the manifold structure.
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Fig. 4. 2d sub-manifolds learned by PCA, LPP, SDA and TR-SDA: four individuals of UMIST dataset (a) PCA, (b) LPP, (c) SDA and (d) TR-SDA.
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Fig. 5. 2d sub-manifold learned by TR-SDA and zoom in one individual: (a) TR-SDA of four individuals and (b) Zooming in one individual.

Fig. 6. 2d sub-manifold learned by PCA, LPP, SDA and TR-SDA: handwritten digits 0-4 of USPS dataset (a) PCA, (b) LPP, (c) SDA and (d) TR-SDA.

Fig. 7. 2d sub-manifold learned by TR-SDA and zoom in for digit 0: (a) TR-SDA of four digits 0-4 and (b) Zooming in digit 0. (For interpretation of the references to color in
this figure, the reader is referred to the web version of this article.)
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6.3. Classification

In this section, we used six datasets to compare the classifica-
tion performance between our proposed TR-SDA algorithm and
other algorithms such as PCA, LPP, MMC, CCA, LDA and SDA. The six
datasets include the UMIST face dataset [37], ORL face dataset
[38], USPS handwritten digit dataset [39], MNIST handwritten
digit dataset [40], COIL100 dataset [41] and AR dataset [42]. The
details of data information and simulation settings are list in
Table 5.

It is noted that a variant version of CCA based on c—1 label
coding [18] was used, because it can solve multi-class classifica-
tion problem, while the original CCA [16] only deals with binary
classification. In this comparative study, we randomly split each
dataset into training set and test set. We also randomly selected
data points as the training set to form labeled and unlabeled set.
The training set in all datasets are preliminarily processed with
PCA operator to eliminate the null space before performing
dimensionality reduction. For unsupervised method such as PCA
and LPP, we used the training set to train the learner. For

Table 5
Data information and simulation settings.

supervised method such as MMC, CCA, LDA and TR-LDA, we used
only labeled set to train the learner. For semi-supervised method
such as SDA and TR-SDA, we used all the training set with both
labeled and unlabeled set to train the learner. All algorithms used
labeled set in the output reduced space to train a nearest
neighborhood classifier for evaluating the accuracies of test set.

6.3.1. Face recognition

For face recognition, we use the UMIST and ORL face dataset to
evaluate the performance of algorithms. The simulation settings are
as follows: We randomly selected 15 data points per class to form
training set for UMIST dataset, and 8 data points per class for ORL
dataset. The remaining dataset is as test dataset. In the training set,
we randomly selected 4, 7, 10 and 2, 5, 8 data points per class as
labeled set and the remains as unlabeled set in the UMIST and ORL
dataset, respectively. For manifold regularized term in SDA and TR-
SDA, the regularized parameter A,, is set as 0.1 both in UMIST and
ORL dataset, where piy = (Tr(XL X))/ (Tr(XLwX")). For LPP, SDA and
TR-SDA, we set the neighborhood number as 8. We then employ
Gaussian function to construct the weight matrix in LPP, SDA and
TR-SDA. The parameter ¢ in Gaussian function is determined as
follows: We first calculated all the pairwise distances among data
points of the whole training set. We then set ¢ equivalent to half the
median of those distances. This can provide a reasonable estimation

Dataset # Classes  # Images  # Dim # Training  # Test for the value ¢ [30]. The above two parameters are set the same for
UMIST 20 564 32x32 15 x 20 remains the UMIST and ORL dataset.
ORL 40 400 32 x 32 8 x 40 2 x 40 For simulation, we first fixed the labeled number in the training
I‘éISNPIZ . }g Ggégg ;g x ;g }88 x }g }88 x }g set as 4, 7, 10 for the UMIST dataset and 2, 5, 8 for the ORL dataset.
8 X X X . . .
COIL100 ot 2200 32 x 32 RPN 20 % 100 The average accuracies over 20 _randoyrﬂy .Spllt with the aboye
AR 100 2600 32 %32 20x100  remains parameters under different dimensionality are shown in
Figs. 8 and 9 for UMIST and ORL dataset, respectively. Tables 6 and 7
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Fig. 8. Average accuracy under different dimensionality: UMIST dataset (a) 4 labels, (b) 7 labels and (c) 10 labels.
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Fig. 9. Average accuracy under different dimensionality: ORL dataset (a) 2 labels, (b) 5 labels and (c) 8 labels.
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Table 6
Average accuracy on the test set: UMIST dataset.

Dataset Method 4 labeled 7 labeled 10 labeled

Mean Var Dim Mean Var Dim Mean Var Dim
(%) (%) (%) (%) (%) (%)

UMIST PCA 80.16 097 32 8834 069 35 93.00 065 18
LpP 81.00 084 23 89.09 058 19 9356 049 24
MMC 8213 083 19 8954 0.68 19 9393 053 19
CCA 84.02 068 28 90.15 0.53 24 9432 051 19
LDA 85.03 0.71 19 9047 049 19 9440 053 19
SDA 8634 074 13 91.71 040 13 9543 050 19
TR-LDA 84.75 0.67 19 9142 044 18 9443 048 19
TR-SDA 87.69 053 13 9292 042 19 96.13 0.51 19

Table 7
Average accuracy on the test set: ORL dataset.

Dataset Method 2 labeled 5 labeled 8 labeled

Mean Var Dim Mean Var Dim Mean Var Dim
(%) (%) (%) (%) (%) (%)

ORL PCA 7100 195 69 86.75 3.02 46 93.12 273 61
LPP 8037 147 41 9375 269 33 9687 131 58
MMC 7400 202 34 9250 352 37 9650 190 39
CCA 81.12 154 60 9450 279 64 9737 097 65
LDA 81.62 142 39 9512 252 39 9737 116 39
SDA 8237 166 39 9562 349 39 9787 197 39
TR-LDA 81.62 143 39 9487 275 39 9750 140 39
TR-SDA 8250 195 39 9575 299 39 98.00 139 38

show the average accuracy with the best dimensionality for the two
datasets. From the results shown in Fig. 8 and Table 6, we can
observe that for the UMIST dataset the semi-supervised methods
outperform the corresponding supervised methods by 2-3%
improvements, i.e. SDA and TR-SDA are superior to LDA and TR-
LDA, respectively. This indicates that by incorporating the unlabeled
set into the training procedure, the classification performance can be
markedly improved, because manifold structure embedded in the
dataset is preserved. In addition, TR-SDA achieves better results than
SDA. This is mainly due to the orthogonal property of the projection
matrix. We further compare two supervised algorithms namely
MMC and multi-class CCA. The results show that our proposed
method outperformed MMC and CCA by about 5% and 3%, respec-
tively. These improvements are believed to be due to the fact that
our TR-SDA is a kind of improved MMC. Given a certain class
indicator matrix [18], the multi-class CCA can be equivalent to
LDA, thus TR-SDA can certainly outperform CCA. All supervised and
semi-supervised methods are better than unsupervised methods
such as PCA and LPP, which means the labeled information is of
great importance for discriminative learning, for instance the TR-SDA
outperformed PCA and LPP by approximately 7% and 6%, respec-
tively. It is noticed that the classification accuracy of all algorithms
change when the number of labeled set increases, for instance the
accuracy of TR-SDA increased from about 87% to 96% when the
number of labeled data increased from 4 to 10. We can also observe
from Fig. 8 that the accuracy of all algorithms varies when the
number of reduced dimensionality increased. For LDA and SDA, their
accuracy remained unchanged beyond the bound of c—1 dimen-
sionality. For other methods such as PCA, LPP, MMC, CCA and TR-SDA,
their accuracies increased only until a certain dimensionality.
Another observation from Fig. 8 is that our proposed method TR-
SDA converges more efficient than other methods, i.e.TR-SDA can
reach the highest accuracy using fewest number of dimensionality.
This shows a great superiority of our proposed algorithm over other
methods.

For the ORL dataset, the following observations from Fig. 9 and
Table 7 can be obtained. (1) SDA and TR-SDA are superior to its
corresponding supervised methods of LDA and TR-LDA, for
instance SDA and TR-SDA outperformed LDA and TR-LDA by about
1-2%.( 2) Our proposed method TR-SDA is better than SDA due to
the orthogonal property. (3) Our proposed method TR-SDA can
deliver about 7% and 2% improvements compared with the two
supervised methods of MMC and CCA. (4) All supervised and semi-
supervised algorithms are better than unsupervised algorithms
such as PCA and LPP, e.g. TR-SDA can achieve 8% and 2% improve-
ments compared to PCA and LPP, respectively. (5) The accuracies
of all algorithms will change significantly when the labeled
number increased, i.e. the accuracy of TR-SDA increased from
82% to 98% when the number of labeled data increased from 2 to
8. (6) Our proposed method TR-SDA can reach the highest
accuracy using the fewest number of dimensionality.

6.3.2. Handwritten digit recognition

For handwritten digit recognition, we used the USPS and MNIST
dataset to evaluate the performance. Since the MNIST dataset has a
training set of 60,000 data points and a testing set of 10,000 data
points, we only selected the first 2000 data points from the
original training set and testing set. The simulation settings are
as follows: We randomly selected 100 data points per class as
training set and 100 data points as test dataset from the USPS and
MNIST dataset. In the training set, we randomly selected 20, 50, 80
data points per class as labeled set and the remains as unlabeled
set. For the manifold regularized term in SDA and TR-SDA, the
regularized parameter /,, was set as 0.1y, for the USPS and MNIST
dataset. For LPP, SDA and TR-SDA, we set the neighbor number as 8.
The Gaussian function is used to construct the weight matrix in
LPP, SDA and TR-SDA, for which the parameter ¢ in Gaussian
function is determined using the same strategy in face recognition.

We first fixed the number of labeled data in the training set as
20, 50 and 100 to train the learners. The average accuracy over 20
randomly splits with the above parameters under different
dimensionality are shown in Figs. 10 and 11 for the USPS and
MNIST dataset, respectively. Tables 8 and 9 show the average
accuracy with the best dimensionality for the two datasets. From
the results in Fig. 10 and Table 8, we can observe that for the USPS
dataset, the semi-supervised algorithms such as SDA and TR-SDA
outperformed the corresponding supervised algorithms of LDA and
TR-LDA by about 2%. Our proposed TR-SDA is slightly better than
SDA due to the orthogonal property of the projection matrix of TR-
SDA. In addition, compared with some other state-of-art super-
vised algorithms such as MMC and CCA, TR-SDA is also superior to
the two algorithms. The improvements, compared with MMC and
CCA, can reach to about 3% and 1%, respectively. All supervised and
semi-supervised algorithms outperformed the unsupervised algo-
rithms of PCA and LPP, e.g. TR-SDA can provide a 4% improvements
compared to PCA and LPP. Another observation shown in Fig. 10
and Table 8 is that the accuracy of all algorithms change as the
number of labeled data increased, e.g. the accuracies of TR-SDA can
reach 89%, 93% and 94% when the number of labeled set are 20, 50
and 80, respectively. But it is noticed that accuracy settles at a
certain level even when the number of labeled data continuously
increases. Apparently, the labeled information is sufficient for
discriminative learning when the labeled data reaches certain
level and further increases of labeled data will not have noticeable
effect. We can also observe from Fig. 10 that the accuracy of all
algorithms varies as the number of reduced dimensionality
increases. It is found that the accuracy of LDA and SDA maintain
unchanged to a bound of c—1, when the ranks of the projection
matrix are at most c—1. For other algorithms such as PCA, LPP,
MMC, CCA, TR-LDA and TR-SDA, their accuracies continuously
increase until a certain dimensionality is reached. But we must
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Fig. 10. Average accuracy under different dimensionality: USPS dataset (a) 20 labels, (b) 50 labels and (c) 80 labels.
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Fig. 11. Average accuracy under different dimensionality: MNIST dataset (a) 20 labels, (b) 50 labels and (c) 80 labels.
Table 8 requires fewer dimensionalities to reach the same level of accu-

Average accuracy on the test set: USPS dataset.

Dataset Method 20 labeled 50 labeled 80 labeled

Mean Var Dim Mean Var Dim Mean Var Dim

# (%) % (%) #
USPS PCA 8523 027 27 9094 066 26 9298 029 27
LPP 8517 029 29 9074 059 30 9245 046 27

MMC 8647 046 9 9160 070 9 9332 026 9
CCA 8839 037 18 92.07 065 29 9364 032 29
LDA 8838 038 9 9207 068 9 9364 034 8
SDA 8943 040 9 9308 093 9 9433 035
TR-LDA 8870 043 9 9170 052 9 9328 0.40
TR-SDA 8949 0.61 9 9357 067 9 9441 0.38

O O

Table 9
Average accuracy on the test set: MNIST dataset.

Dataset Method 20 labeled 50 labeled 80 labeled

Mean Var Dim Mean Var Dim Mean Var Dim
(%) (%) (%) (%) (%) (%)

MNIST PCA 85.04 083 24 89.70 136 21 9121 0.60 28
LPP 80.64 086 27 8450 130 29 8746 1.11 29
MMC 87.12 097 9 9071 144 9 9210 060 9
CCA 86.84 1.07 10 90.76 142 10 9242 0.61 17
LDA 8684 085 9 9076 130 9 9242 060 9
SDA 88.04 133 9 9151 136 9 9292 058 9
TR-LDA 87.47 086 9 9049 166 9 9214 090 9
TR-SDA 8846 1.09 9 9144 156 9 9333 088 9

say that the determination of the best reduced dimensionality still
remains an open issue. In Fig. 7 it shows that our proposed TR-SDA
can converge more efficiently than other algorithms, i.e. TR-SDA

racy compared with other algorithms.

For the MNIST dataset, the following observations from Fig. 11
and Table 9 are found: (1) The semi-supervised algorithms of SDA
and TR-SDA perform better than the supervised algorithms of LDA
and TR-LDA, i.e. SDA and TR-SDA can achieve 2% and 1% improve-
ments over LDA and TR-LDA, respectively. (2) Our proposed TR-
SDA is better than SDA due to orthogonal property of the
projection matrix learned by TR-SDA. (3) Our proposed TR-SDA
is superior to other state-of-art supervised algorithms such as
MMC and CCA with about 2% and 3% improvements, respectively.
(4) All supervised and semi-supervised algorithms are better than
unsupervised algorithms, e.g. TR-SDA can reach approximately 3%
and 8% improvements over PCA and LPP, respectively. (5) The
accuracies of all algorithms change with the number of labeled
data. But the accuracy will not change dramatically when the
number of labeled data reached certain level. (6) The perfor-
mances of all algorithms vary as the reduced dimensionality
increase. (7) Our proposed method TR-SDA converges more
efficiently, i.e. TR-SDA can reach higher level of accuracy using
the same dimensionality.

6.3.3. Large scale dataset

For large scale dataset, we used the COIL100 and AR dataset to
evaluate the performance. The simulation settings are as follows:
We randomly selected 20 data points per class as training set both
for the COIL100 and AR dataset. The remaining dataset is as test
dataset. In the training set, we randomly selected 4, 7, 10 data
points per class as labeled set and the remains as unlabeled set
both for COIL100 and AR dataset. For the manifold regularized term
in SDA and TR-SDA, the regularized parameter A, was set as
0.01 0. For LPP, SDA and TR-SDA, we set the neighbor number as 8.
The Gaussian function is used to construct the weight matrix in
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LPP, SDA and TR-SDA, for which the parameter ¢ in Gaussian
function is determined using the same strategy in face recognition.
We first fixed the number of labeled data in the training set as
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Table 10

Average accuracy on the test set: COIL100 dataset.

. Dataset Method 4 labeled 7 labeled 10 labeled
4, 7 and 10 to train the learners. The average accuracy over 20 ataset. etho oee abele ele
randomly splits with the above parameters under different Mean Var Dim Mean Var Dim Mean Var Dim
dimensionality are shown in Figs. 12 and 13 for the COIL100 %) (%) (%) (%) (%) (%)
and AR dataset, respectively. Tables 10 and 11 show the average
accuracy with the best dimensionality for the two datasets. From COIL100  PCA 7151129 1120 80.27. 096 95 8474 128 85
y with tt y : LPP 69.18 090 30 7728 077 25 8254 1.18 35
the results in Fig. 12 and Table 10, we can observe that for the MMC 7238 1.18 30 80.96 080 30 8587 076 35
COIL100 dataset, the semi-supervised algorithms such as SDA and CCA 5921 138 30 7589 126 25 8317 129 30
TR-SDA outperformed the corresponding supervised algorithms of éDﬁ gg‘gl 132 20 72-23 2)-25 ;5 gg-; 3)259’ ;0
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LDA a.nd.TR—.LDA by about 2%. In addition, we observe a c_onsnstept TRADA 7637 117 20 8520 077 30 8987 070 30
superiority in the performance of the orthogonal algorithms, i.e. TR-SDA 7785 117 20 8630 077 30 9098 070 30
PCA, MMC, TR-LDA and TR-SDA outperform the non-orthogonal
algorithms such as LPP, LDA and SDA, e.g. TR-LDA and TR-SDA can
provide 8-18% improvements compared to LDA and SDA. Another
observation shown in Fig. 12 and Table 10 is that the accuracy of
all algorithms change as the number of labeled data increased, e.g. Table 11
the accuracies of TR-SDA can reach 77%, 86% and 90% when the Average accuracy on the test set: AR dataset.
number of labeled set are 4, 7 and 10, respectively. We can also 5 Vothod 4 labeled - 1abeled 10 labeled
observe from Fig. 10 that the accuracy of all algorithms varies as ataset Metho abete abee abele
the number of reduced dimensionality increases. It is found that Mean Var Dim Mean Var Dim Mean Var Dim
the accuracies of all datasets firstly increase to a certain dimen- (%) (%) (%) (%) (%) (%)
sionality and then start to decrease. In Fig. 10 it shows that our
proposed TR-SDA can converge more efficiently than other algo- AR pca 4806 171 180 57.93 173 180 6442 2.27 180
. . . . - L LPP 47.38 203 190 5697 136 185 64.16 247 190
rithms, i.e. TR-SDA requires fewest Fhmensmnalltle.rs to reach the MMC 6466 329 135 8089 228 120 8735 167 130
same level of accuracy compared with other algorithms. CCA 8132 196 65 9216 1.11 65 9430 080 70
For the AR dataset, from Fig. 13 and Table 11, we can observe LDA 8132 198 65 9216 111 65 9430 080 70
similar results as COIL100 dataset. Other observations include: (1) SDA 8294 190 70 9250 175 60 9435 081 60
SDA and TR-SDA are slightly superior to its corresponding super- IR-LDA 8369 177 75 9454 111 85 9625 135 85
- gt . TR-SDA 8592 1.97 80 9487 105 90 9687 112 75
vised methods of LDA and TR-LDA, this is mainly because the AR
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Fig. 12. Average accuracy under different dimensionality: COIL100 dataset (a) 4 labels, (b) 7 labels and (c) 10 labels.
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Fig. 13. Average accuracy under different dimensionality: AR dataset (a) 4 labels, (b) 7 labels and (c) 10 labels.
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dataset does not have a clear low-dimensional manifold structure
for the high-dimensional dataset, the manifold term does not play
a key role to enhance the performance. (2) PCA and LPP have poor
performances. (3) The accuracies of all algorithms vary as the
number of reduced dimensionality increases. It is found that the
accuracies of the supervised and semi-supervised algorithms
firstly increase to a certain dimensionality and then start to
decrease. For other algorithms such as PCA and LPP, their
accuracies increased until to a certain dimensionality.

6.4. Convergent analysis

We compared the convergent speed between ITR and ITR-Score
algorithms for solving TR problem of Eq. (4). In this study, six

=== [TR-Score
—t— TR ]

#lteration

#lteration

10

2 4 6 8 10 12 14
#lteration

10"
=== |TR-Score
108 —= |TR ]
108 L 1
10* L 1
= 10%} |

datasets were chosen for comparison including UMIST, ORL, AR,
USPS, MINIST and COIL100 dataset. The simulation settings is as
follows: we randomly chose 7 data points as training set for
UMIST, ORL, AR, COIL100 datasets and 50 data points for USPS and
MNIST datasets. The reduced dimensionality is set to 10 for UMIST,
ORL, USPS, MNIST datasets and 30 for AR and COIL100 datasets. In
the iterative process, we chose the trace difference value
g(t)= g(;Lt):maXWTW:lTr[WT(Sb—).tSW)W] to evaluate the con-
vergence. As described in Theorem 1, the global optimal 1* results
in max,r,, _ ,TriW"(S,—/A*Sw)W] =0, hence this evaluation mea-
sures the convergent speed of the trace ratio value to the global
optimum.

Fig. 14 shows the convergent results for different datasets.
From the results we can observe that both ITR and ITR-Score

10'15 1 1 1 1 1 1 1 1 1
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Fig. 14. Convergent analysis: comparative study between ITR and ITR-Score algorithms: (a) UMIST dataset, (b) ORL dataset, (c) USPS dataset, (d) MNIST dataset, (e) COIL100

dataset and (f) AR dataset.
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algorithms can converge to the optimal trace ratio value hence
causing g(4*)=0. This can be true as it has been theoretically
guaranteed in Section 2.2.3. In addition, it can be easily observed
that our proposed ITR-Score algorithm is able to converge faster
than ITR algorithm in all datasets. This improvement is believed to
be due to the reason that for any initial 1, < 1%, the updated 4, 4
of the proposed ITR-Score algorithm is larger than that of ITR
algorithm.

6.5. Kernel validation

In this section, we choose four UCI datasets to evaluate the
kernel version of our algorithms and compare them with other
algorithms. The datasets include Iris, Wine, Balance and Synthetic
Control Chart Time Series (SCCTS). The details of data information
are listed in Table 12.

For comparative study, we randomly chose 70% data points
from each dataset as training set and the rest 30% as test set. We
also randomly chose 30% data points from training set as labeled
set and the rest 70% as unlabeled set. For unsupervised method
such as PCA and LPP, we used the training set to train the learner.
For supervised method such as MMC, CCA, LDA and TR-LDA, we

Table 12
Data information of UCI dataset.

Dataset # Class # Num. # Dim.
Iris 3 150 4
Wine 3 178 13
Balance 3 625 4
SCCTS 6 600 60
a
0.945
0.93864
0.94 0.93682
0.935 0-93284 0.93205
0.93023
0.93

0.92511

KPCA KLPP KMMC KCCA KLDA KSDA TR-KLDA TR-KSDA

0.8753 0.8803

0.9 0.84740.8587 (0.8543 0.8591

0.7 0.6693 0.6654

KPCA

KLPP

KMMC KCCA KLDA KSDA  TR-KLDA TR-KSDA
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used only labeled set to train the learner. For semi-supervised
method such as SDA and TR-SDA, we used all the training set with
both labeled and unlabeled set to train the learner. All algorithms
used labeled set in the output reduced space to train a nearest
neighborhood classifier for evaluating the accuracies of test set. In
this study, we use radial basis function (RBF) as kernel function.
The reduced dimensionality is set 3.

The average accuracies over 20 randomly split are shown in
Fig. 15 for different UCI datasets. From the results in Fig. 15, we
can observe that (1) SDA and TR-SDA are superior to its corre-
sponding supervised methods of LDA and TR-LDA, for instance SDA
and TR-SDA outperformed LDA and TR-LDA by about 1-2%. (2) Our
proposed method TR-SDA is better than SDA, especially in the
Balance datasets (by about 3%). (3) All supervised and semi-
supervised algorithms are better than unsupervised algorithms,
e.g. TR-SDA can achieve 3%, 20%, 22% and 6% improvements
compared to PCA and LPP in Iris, Wine, Balance and SCCTS dataset,
respectively.

6.6. Image segmentation

We demonstrated the image segmentation of our proposed
algorithms and compared them with other algorithms. In this
study, we chose an image in the COREL dataset for segmentation
[43] (see Fig. 16a). The image can be divided into five classes
including hill, boat, sky, sea and beach and our goal is to segment
all these classes. In the image, we describe each pixel as a
5-dimensional vector, i.e. x,=[r,gbxy]", where (r,gb) are the R,
G, B values of the pixel p and (x,y) are its spatial coordinates. We
next chose the specified pixels in the color lines (see Fig. 16b, each
color represents a class in the image) as labeled set and divide the
remaining pixels into unlabeled and test set. Finally, all

KPCA

KLPP KMMC KCCA KLDA KSDA  TR-KLDA TR-KSDA

0.95753
0.9517 0.95069

0.9463  0.9463

KPCA

KLPP KMMC KCCA KLDA KSDA  TR-KLDA TR-KSDA

Fig. 15. Kernel validation: average accuracy on the test set (a) Iris dataset, (b) Wine dataset, (c) Balance dataset and (d) Synthetic Control Chart Time Series dataset (SCCTS).
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PCA

LPP

MMC

CCA

LDA

SDA

TR-LDA

TR-SDA

Sea Beach

Fig. 16. Image segmentation: COREL dataset (a) Original image, (b) partially labeled image, the pixels in each color line represent an object and (c) the segmentation results

of different algorithms.

algorithms used the label set in the output reduced space to train
a nearest neighborhood classifier for evaluating the class label of
unlabeled and test set. In this example, the reduced dimension-
ality is set 3.

Fig. 16c shows the image segmentation results of different
algorithms. From the results we can see that the proposed TR-LDA
and TR-SDA algorithms are better than other algorithms. Taking
the boat as an example, it demonstrates that there are less miss-
classified pixels in our algorithms than in other algorithms. This
can be observed that in our algorithms the pixels belonging to the
boat are precisely extracted. However in other algorithms, part of
pixels belonging to the sea is miss-classified to the boat. The
similar performance can also be observed in the segmentation
results of other classes. This enhanced performance is mainly
because that optimal projection obtained by our algorithms is
orthogonal, which results in preserving the similarities (Euclidean
distance) between pixels.

7. Conclusions

A new efficient algorithm for finding optimal solution of trace
ratio problem is proposed. Based on this algorithm, we derive an

orthogonal constrained semi-supervised learning framework.
We show that the algorithm can be extended for solving
corresponding semi-supervised problems. The essence of the
proposed algorithm is that it is able to incorporate unlabeled set
into a learning procedure for preserving the geometrical struc-
ture embedded in both labeled and unlabeled set. Also, the
algorithm is able to preserve the discriminative structure
embedded in labeled set so that the data points in different
classes can be separated. It is important to note that under such
a framework many existing semi-supervised dimensionality
reduction methods such as SDA, SSDR, SSMMC can be improved
by incorporating our proposed framework. The framework can
also formulate a corresponding kernel version for handling
nonlinear problems. Theoretical analysis presented in this paper
indicates that there are certain relationships between linear and
nonlinear algorithms. It is worth noting that TR-LDA, TR-SDA and
their corresponding kernel version can be connected in a unified
form. Finally, extensive simulations on synthetic dataset and real
world dataset have been conducted. The results demonstrate that
our proposed TR-SDA is effective and is able to deliver significantly
improved performance compared with other state-of-art
algorithms.
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Appendix A

In order to prove Theorem 2, we first give two lemmas:

Lemma 1. If Vi, a;>0, b;>0 satisfying (a;/b1)=(az/by)> ---
(ar/by), then (a1 /b1) = (a1 + a2+ - - - @) /(b1 +ba+ - - - b)) = (@i /by) .

Proof. of Lemma 1:
Let (a;/by)=p, Vi# 1, a; >0, b; > 0, we have a; < pb;. Hence,

Gi+0+---a _pbitbot---by) a
bi+by+---by = by+by+---by T by’

Let (ax/br)=q, Vi#k, a; > 0, b; > 0, we have a; > qb;. Hence

aitdx+--- 0 q(bi+by+---by) < %
bi+by+---by = bi+by+--

by T b
Thus, we have

ar i +ay+ - -G G
—_ e > — .
by = by+by+---by T by

Lemma 2. [fV i, a; >0, b; > 0 satisfying
h b, Om Omir Oy
b] - bZ - bm1 - bm1+1 - bmz'
ay+az+ ---am, a1 +ay+---am,
bi+ba+---bm, = bi+ba+---bm,”

then

Proof. of Lemma 2:

According to Lemma 1, we have

a1+a2+---aml < am,
bi+by+---bm, ~

am, +1 Am, +1+0my 42+ -+ - Am,
> >
b, bm,+1 ™ bmys1+bm 42+ -+ bm,

hence we have

ay+ay+ - - - am, < Umy+1+0m, 42+ - Am,
bi+by+---bm, = bm,+1+bm 2+ bm,

According to Lemma 1 again, we have

Q4G+ Omy G+ + -Gy
bi+by+---bm, = bi+ba+ - b,

Proof. of Theorem 2:

Let Wp =[wq,Wy.. Wg,Wgs1,...wp] € RP*P be an orthogonal
square matrix with column vectors satisfying WLT)WD=WD
W] =1 If we assume

wIXLXTwy - wIXLyXTw; . WIXLpX Wy
WIXLyX Wy — WIXLWX'wy — T wIXLwX wy
Wl XLpX g, whXLyX wp
Twh XLuX wapr T whXLuX wp’

then according to Lemma 2, we have
S wIXLeXTwi 37 wiXLXTw;
S WXL XTw; P wIXLWX w;

Let Wy=[xX1,X2,...,Xq], according to the trace property Tr(AB)=
Tr(BA), the above inequality can be rewritten as
TrWEXLX W) _ S wiXLX w327 wiXLoXTw
TrWXLX"Wo) S8 wIXLoX"w; — 37 wiXLuX w;

_ TrWRXLX'Wp)  Tr(XLyX"WpW])
CTrWEXLWXTWp)  TrXLeX WpWh)
_ TrXLpyX")
T TrXLwX")

Based on the object function in Eq. (5), we have
max Tr(WTXL,XTW) - Tr(WIXL,XTW )
wiw = 1TrWTXL,XTW) = Tr(WIXL,XTWy)
- Tr(WpXLyX"Wp)  Tr(XLpX")
T Tr(WLXLWX"Wp) ~ Tr(XLy,X")'
Thus the lower bound of A* is (Tr(X"L,X))/(TrXTLy,X)).
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